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Abstract 
Many Elastohydrodynamic lubricated (EHL) contacts, such as rolling element 
bearings, gears or cam systems work under transient conditions due to changes 
in speed, load, or geometry. A better tribological understanding is necessary in 
order to give further insights and guidelines to engineers who need to design 
systems with EHL contacts experiencing transient conditions. However, due to 
the complexity a lot of fundamental research done in the field of EHL is mostly 
concentrated on steady-state conditions. 
In this work, experimental investigations with an interferometric test rig as well 
as numerical studies have been carried out. At the University of Pisa, the 
existing experimental setup was modified in order to test under transient 
conditions. This involves also the development of new tools in order to analyze 
efficiently the results such as the film thicknesses and friction coefficients. For 
example, an image-processing tool was developed in order to reconstruct out of 
a white light interferogram the deformed surface of an EHL contact. 
In particular the influence of thermal effects combined with transient effects was 
investigated. Thermal effects are caused by high slide-to-roll ratios, or contacting 
materials with different properties, whereas transient effects by changing the 
velocity over time. If the contacting materials have different thermal properties, 
at some contact conditions non-standard film shapes different from the usual 
EHL shape with a so-called “dimple” in the center of the contact exist. This can 
have some influence on the film thickness and hydrodynamic friction coefficient 
under steady state as well as transient conditions. 
In collaboration with the University of Kyushu in Japan, as a study object for a 
numerical investigation a reciprocating EHL rolling point contact was chosen. In 
this field few studies exist and are of interest because the lubrication state of 
oscillating machine elements is often influenced by cavitation phenomena. Due 
to the complexity caused by the non-steady state and cavitation phenomena, 
there is no design equation for the oil-film thickness under oscillatory motion, 
while reliable estimations can be done for steady state conditions. Based on 
recent numerical solution methods a Multilevel Multigrid (MLMG) algorithm was 
developed in C/C++, which made it possible to carry out parametric studies 
relatively fast. With the help of the algorithm, as an intermediate step to obtain a 
future design equation, a first equation to predict the length of cavity at the outlet 
of an EHL contact has been developed. The knowledge of the cavity length is of 
importance, because after reversal of the rolling direction the outlet region 
becomes the new inlet region and thus the cavitation produced beforehand can 
be entrained into the conjunction. This can lead to starvation effects, which in 
turn can cause a decrease in film thickness and increase in wear. In addition, 
first complete simulations of reciprocating EHL rolling point contacts have been 
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Sommario 
Molti contatti in regime elastoidrodinamico (EHL), quali ad esempio quelli nei 
cuscinetti a corpi volventi, nelle route dentate, o nei sistemi con camme, 
lavorano in condizioni transitorie dovute a variazioni di velocità, carico o 
geometria. Nonostante ciò, data la complessità dell’argomento, molte ricerche 
effettuate nel campo dell’EHL si sono concentrate in passato su condizioni 
stazionarie. Una più approfondita conoscenza tribologica è però oggi necessaria 
per poter fornire più dettagliate informazioni ai progettisti. 
L’attività svolta ha riguardato sia ricerche sperimentali sia studi numerici.  
Per l’attività sperimentale è stata utilizzata un’attrezzatura interferometrica che è 
stata opportunamente modificata in modo da effettuare le prove EHL in 
condizioni di transitorio. Nuovi software sono stati sviluppati sia per la gestione 
delle prove sia per un’analisi più adeguata dei risultati, riguardanti il coefficiente 
d’attrito e l’altezza del meato (ad esempio è stato realizzato un software capace 
di ricostruire la deformata di un contatto EHL partendo da un interferogramma in 
luce bianca). È stata in particolare studiata l’influenza degli effetti termici, causati 
dagli alti valori di strisciamento o dalle diverse proprietà dei materiali a contatto, 
combinati con quelli dei transitori ottenuti con variazioni della velocità in funzione 
del tempo. Se i materiali di contatto hanno diverse proprietà termiche, in 
determinate condizioni di prova il meato assume forme diverse da quella 
classica, in particolare con l’insorgere del cosiddetto “dimple” nel centro del 
contatto. Ciò può avere una qualche influenza sulle altezze del meato e sul 
coefficiente d’attrito sia in condizione stazionarie, sia in condizioni transitorie. 
L’attività di tipo numerico ha riguardato prevalentemente lo studio di un contatto 
EHL di punto in moto alterno. In questo campo esistono ancora pochi studi 
anche perché sono spesso presenti fenomeni di cavitazione che rendono difficile 
l’indagine. A causa della complessità dovuta alla condizione transitoria ed ai 
fenomeni di cavitazione non esiste ad esempio un’equazione di progettazione 
per la stima dell’altezza del meato in condizioni oscillatorie, mentre si possono 
avere stime affidabili per i casi stazionari. È stato sviluppato un algoritmo 
multilevel multigrid (MLMG) in C/C++ che ha consentito di eseguire studi 
parametrici in tempi relativamente brevi. È stata quindi ricavata un’equazione 
per la stima dell’ampiezza della zona cavitata all’uscita del contatto EHL, quale 
primo passo per ottenere in futuro una formula di pratica utilità per la 
progettazione. La conoscenza dell’ampiezza della zona cavitata è 
particolarmente importante poiché dopo l’inversione del moto tale zona si trova 
all’ingresso del contatto con possibili effetti di mancanza di lubrificante, e quindi 
di riduzione di altezza del meato e aumento d’usura. Con il programma 
realizzato sono inoltre possibili simulazioni numeriche complete di un contatto 
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Notation 
a  half width of Hertzian contact 
A  amplitude of cavity or ridge, or matrix of coefficients 
ca  light attenuation coefficient 
D  diameter of steel ball 
eh,H  discretization error on fine grid or coarse grid 
E’  reduced modulus of elasticity 
f  friction coefficient or test frequency 
fh,H  right hand side vector on fine grid or coarse grid 
F  applied load 
G  Hamrock and Dowson dimensionless material parameter 
Gh  finest grid level (G2h next coarser level, etc.) 
h  dimensional film thickness 
hcen  central dimensional film thickness 
hmin  minimum dimensional film thickness 
h  mesh size 
h00  dimensional central offset film thickness (rigid body approach) 
H  dimensionless film thickness 
H00  dimensionless central offset film thickness (rigid body approach) 
HSV  hue, saturation, value color space 
Hu  hue component of an HSV image (phase unwrapped) 
Hw  hue component of an HSV image (phase wrapped) 
Hcen  central dimensionless film thickness 
Hcff  central fully flooded dimensionless film thickness 
Hinlet  dimensionless height of lubricant at inlet 
Hoil  dimensionless height of lubricant at inlet 
i, j, k, t  integer indices (nodes on calculation domain) 
I, J  coarse mesh integer indices (nodes on calculation domain) 
I0, I1, I2  light irradiances 
h
HI   interpolation operator 
H
hI   restriction operator 
K  film thickness kernel matrix 
L  Moes dimensionless lubricant parameter 
  xi 
  differential operator 
  thermal loading parameter 
m, m1, m2 multilevel multi-integration correction patch widths 
M  Moes dimensionless load parameter 
n  rpm or refractive index of lubricant 
nx,y  number of mesh points 
N  total number of mesh points in computational domain 
p  dimensional pressure 
p0  pressure coefficient in Roelands equation 
pcav  dimensional cavitation pressure 
pHz  maximum Hertzian pressure 
pvacuum  vacuum pressure (-0.1013 MPa) 
P  dimensionless pressure 
Pcav  dimensionless cavitation pressure 
rh,H  residuum on fine grid or coarse grid 
R, Rx, Ry reduced radii of curvature in X and Y directions 
R  radius of cavity 
Rq  mean square roughness 
RGB  red, green, blue color space 
S  slide-to-roll ratio 
t  dimensional time 
T  dimensionless time or temperature 
uh,H  general solution on fine grid or coarse grid 
u1, u2  velocities of contacts 1 and 2 respectively, in the X direction 
ud  circumferential speed of the glass disc 
us  circumferential speed of the steel ball 
sum of velocities of contacts 
um  average velocity of contacts 
U  Hamrock and Dowson dimensionless speed parameter 
W  Hamrock and Dowson dimensionless loading parameter 
  applied load 
  wavelength of ridge 
x, y  dimensional coordinates 
X, Y  dimensionless coordinates 
  xii 
x’, y’, X’, Y’ dummy variables in integration 
Xc  dimensional cavity length 
Xd  dimensionless position of surface defect 
z  viscosity index (Roelands equation) 
α   pressure viscosity index (piezoviscosity index) 
α sim  reference value (parametric study, 26.3 GPa-1) 
β  temperature viscosity coefficient 
δ  change applied after relaxation 
ΔT  non-dimensionalised timestep size 
ΔX, ΔY  mesh sizes in X and Y directions respectively 
ε   coefficient in dimensionless Reynolds equation 
η0  viscosity at ambient pressure 
η   dimensional viscosity 
η   dimensionless viscosity 
θ  fractional film content 
κ  thermal conductivity 
λ   coefficient in dimensionless Reynolds equation 
  light wave length 
Λ   lambda ratio (dimensionless film thickness parameter) 
ν0  number of coarse grid smoothing cycles 
ν1  number of pre-smoothing cycles 
ν2  number of post-smoothing cycles 
ρ0  density at ambient pressure 
ρ   dimensional density 
ρ   dimensionless density 
φ  angle in polar coordinates 
Φ  phase shift 
ω   underrelaxation factor 
Ω   solution domain 
Ωsing  region of solution domain requiring correction of singularity 
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CHAPTER 1        
         




Tribology can be described as a study that deals with the design, friction, wear 
and lubrication of interacting surfaces in relative motion. In engineering this field 
of study is still underestimated even if tribological problems in industrialized 
countries cause economical losses in the range of billions Euro/year  [32]. The 
field of tribology includes problems in nearly all technical fields, from the 
aerospace industry like a “high-tech" bearing used in a spacecraft to medical 
problems in bioengineering like an artificial joint. The understanding of the 
underlying mechanisms requires an interdisciplinary knowledge from fields, such 
as physics, chemistry, materials science, mechanical engineering and 
mathematics. 
In this thesis an important tribological phenomenon is studied: Elastohydro-
dynamic lubrication. 
1.1 Elastohydrodynamic lubrication 
1.1.1 General aspects 
Elastohydrodynamic lubrication, hereinafter referred to as EHL, is a relatively 
recent branch of tribology which only became properly established in the early 
nineteen sixties. The topic is concerned with understanding and modeling 
lubrication problems in which solid surfaces deform under large pressures. In 
EHL contacts two solids are pressed against each other and the lubricant, 
present in the gap between the solids, prevents the two surfaces from touching. 
The contact pressures are so large that the elastic deformation of the solids is of 
the order of the lubricant film thickness (even higher). EHL contacts are present 
in many non-conformal mechanical systems, e.g. gears, cams and rolling 
element bearings as shown in Figure  1-1. 
 
 




Figure  1-1: Typical EHL contacts (source:  [13]). 
 
At high contact pressures, up to 3.0 GPa, the viscosity will increase rapidly 
(piezoviscosity). This will change the behavior of the lubricant and strongly affect 
the fluid film formation. Therefore the viscosity-pressure relation and, in more 
general terms, the lubricant rheology is an essential element in the study of EHL. 
EHL is not only restricted to the aforementioned highly loaded contacts between 
steel surfaces; often called Hard-EHL. It applies also to situations where the 
stiffness of one or both solids in contact is small compared to the pressure in the 
lubricant film; often called Soft-EHL. Typical examples are rubber sealing’s, 
elastically distorted journal bearings or hip joint spherical pairs. 
1.1.2 Pressure profile and film shape of EHL contacts 
A typical EHL contact is illustrated in Figure  1-2. The entrainment of the lubricant 
is from the right to the left. In the inlet region the pressure starts to increase 
smoothly. Closer to the contact center the pressure slope decreases rapidly until 
the maximum pressure is reached (often close to the Hertzian pressure). Then 
the pressure decreases rapidly apart to a small region in the outlet area. There, 
a typical EHL feature develops; a pressure spike  [72] followed by a local 
constriction in the film thickness (this pressure peak can reach values higher 
than the maximum Hertzian pressure). At the end of the contact region the 
pressure solution is zero (ambient pressure) in what is known as the cavitation 
region. This means that the lubricant film is no longer continuous; bubbles of air 








Figure  1-2: Pressure profile and film thickness of a typical EHL contact 
(source: [http://www.ime.rwth-aachen.de,2003]). 
 
For most kinematic conditions in EHL the film thickness or deformation remains 
constant in the contact area (often referred to as central film thickness). The 
constriction in the outlet region contains the minimum film thickness. As a fast 
explanation, in high load cases such as EHL, the oil-film boundaries will diverge 
comparatively rapidly beyond the thin film zone. In the outlet region the pressure 
drops very fast to the ambient pressure, thus the pressure curve must terminate 
very near to the end of this zone. Consequently, in this zone large pressure 
gradients must exist to reduce the pressure to ambient pressure. Large pressure 
gradients at low pressures and low viscosities can be achieved only by a 
reduction in the film thickness. Thus, as shown in Figure  1-2, a local reduction in 
the film thickness occurs near the end of the thin film zone. 
As already mentioned, compared to the classical hydrodynamic pressure 
buildup, in EHL two additional effects are present. Figure  1-3 illustrates the 
elastic deformation and the piezoviscosity. When the surfaces approach, the 
lubricant fluid pressure significantly increases. This leads to an increase of the 
viscosity with pressure (piezoviscosity) and the elastic deformation of the 
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surfaces in contact (this depends also on the contacting materials and lubricant 
used). The elastic deformation (h1 in Figure  1-3) as well as the piezoviscosity 
effect (h2 in Figure  1-3) leads to a significant increase of the film thickness. The 





Figure  1-3: Effect of the elastic deformation and viscosity on EHL film 
generation (source: [http://www.ime.rwth-aachen.de,2003]). 
 
Following, the most important parameters which influence the film formation in 
an EHL contact will be briefly introduced. Similar to the hydrodynamic lubrication 
theory, also in EHL contacts the film thickness depends on the hydrodynamic 
velocity (summation of the surface velocities in contact) and the load. With 
increasing velocity and decreasing load the film thickness increases and vice 
versa decreases with decreasing velocity and increasing load. For low velocities 
(or very high loads), the elastic deformations of the contacting bodies dominate. 
In this case the pressure distribution in contact will be very similar to the static 
Hertzian pressure distribution as can be seen in Figure  1-4. Furthermore for 
higher velocities the pressure distribution changes from the typical EHL case to 
the rigid body case  [26]. In Figure  1-5 it can be seen that with increasing load 
the maximum pressures moves to the center of the contact and resembles the 
Hertzian pressure distribution. 





Figure  1-4: Influence of the hydrodynamic velocity on EHL pressure 
distribution (1-lowest speed, 5-highest speed) (source:  [26]). 
 
 
Figure  1-5: Influence of the load on EHL pressure distribution (source: 
[http://www.ime.rwth-aachen.de,2003]). 
 
An important parameter besides the velocity and the load is the viscosity, or 
more in general the lubricant itself. The viscosity and piezoviscosity (often also 
referred to as pressure viscosity index) influence the pressure distribution and 
also to what extend the pressure spike in the outlet region will develop. As an 














Figure  1-7: Influence of geometry on EHL pressure distribution (top: point 
contact, bottom: line contact) (source: [http://www.ime.rwth-aachen.de,2003]). 
 
Naturally the geometry has also a big influence on the EHL film thickness and 
pressure distribution. In most cases one distinguishes between point contacts 
(e.g. ball-on-disc) and line contacts (e.g. cylinder-on-cylinder). In Figure  1-7, the 
pressure distribution of an EHL point and line contact is shown. (In line contacts 
often two infinite long cylinders are assumed, or that border effects are 
negligible.) In a point contact the pressure distribution changes in entrainment 
direction and transversal to the entrainment, whereas in line contacts only in the 
Chapter 1                                                                    Introduction 
 
 7 
direction of entrainment. In addition, line contacts support usually higher loads 
(depending on the axial contact length). 
In the next section, a short summary of important works in the field of EHL is 
given. To summarize the complete work by many outstanding researchers in a 
few pages is somewhat difficult. In the literature there are comprehensive 
reviews for example Dowson and Ehret  [24]. 
1.2 Research in the field of EHL – a historical review 
The theory of lubrication was more or less born during the end of the 19th 
century. Stimulated from the experimental investigation of friction in lubricated 
journal bearings by Tower  [87] where substantial pressures in the oil film have 
been accidentally discovered, Reynolds  [75] derived the basic differential 
equation of fluid film lubrication, nowadays well known as “Reynolds Equation”. 
The equation relates the pressure in the lubricant film to its geometry and the 
velocity of the moving surfaces. He compared his theoretical results with the 
experiments of Tower. Reynolds’ equation was the first mathematical tool for the 
design of bearings. At approximately the same time, Hertz  [45] was the first to 
describe the elastic deformation of two, non-conforming solids in contact and 
Barus  [7] developed an exponential viscosity-pressure relation. It took about 
further 50 to 60 years until these pioneering works have been combined into 
what is now known as Elastohydrodynamic lubrication theory, EHL. 
Successful application of Reynolds’ theory in the beginning of the 20th century to 
journal and thrust bearings failed when trying to model lubrication in gears. 
Martin  [63] considered an isoviscous lubricant between two smooth rigid 
cylinders, representing the gear teeth. A relationship between the operating 
conditions and the minimum lubricant film thickness was obtained. However, the 
film thicknesses predicted were significantly less than the known surface 
roughness of gears. It was concluded that the successful operation of gears 
almost without wear as observed in practice could not be ascribed only to the 
fluid film action. 
Almost 30 years after Martin the contradiction between theory and practical 
observations was solved first by Ertel  [29] and Grubin  [34]. They included the 
elastic deformation of a dry contact due to the high contact pressures and the 
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increase in viscosity with increasing pressure in the theoretical analyses. From 
the solution of Reynolds’ equation in the inlet region, with the elastic 
deformations according to Hertz  [45] and the linear relation between the 
logarithm of the viscosity and the pressure proposed by Barus  [7] a first film 
thickness estimation equation for the center of a line contact was derived. 
Compared to previous works the predicted film thicknesses were larger than the 
roughness of gears. The work of Ertel and Grubin provided the basis for the EHL 
theory. Since then, considerable progress has been made. Experimental 
techniques in order to evaluate the film thickness and pressure distribution as 
well as sophisticated numerical algorithms for the solution of the basic governing 
equations have been developed. 
A first complete numerical solution of an EHL line contact was obtained in the 
beginning of the fifties by Petrusevich  [72]. With the low computing power 
available at this time and the added mathematical difficulties a two dimensional 
point contact was impossible to solve. With the further development of 
computational power in the seventies Hamrock and Dowson  [43] presented 
numerical solutions for a two dimensional EHL contact for a wide range of 
parameters involved. They combined these solutions to the first film thickness 
formula for point contacts. But the research was not limited to numerical studies. 
In parallel researcher like Roelands  [76] developed a new lubrication model with 
a correlation between pressure, viscosity and temperature. His lubrication model 
is still in use nowadays. 
Starting from the eighties computers became really powerful and numerical 
algorithms more and more efficient. Different approaches to solve the governing 
equation contemporary as direct methods by means of Gauss-Seidel iterations 
or by Newton-Raphson algorithms’  [70] or by indirect methods  [30] have been 
developed. 
Brandt  [4] introduced the powerful multigrid method which has been applied to 
EHL lubrication by Lubrecht  [59]. At the beginning of the nineties, Venner  [89] 
could improve the multigrid approach. He resolved the convergence problem for 
high loads by distributive line relaxation. This allowed Lubrecht & Venner and 
many other researchers the study of more realistic EHL contacts conditions. 
Surface roughness and several transient conditions, by means of changing load, 
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velocity, geometry or all combined together have been simulated. The numerical 
works of Chang  [11], Ai  [1] and Hooke  [48] dealing with line as well as point 
contacts are some examples. The influence of thermal effects can also be 
simulated by adding to the Reynolds and elastic deformation equation the 
energy equation, e.g.  [86]. 
Reviewed so far briefly research activities with respect to the development of 
numerical algorithms, it needs to be mentioned that, also experimental 
techniques had been considerably improved. Given that a great part of this work 
is focused on experimental investigation, a very important experimental 
technique, applied also in this work, was basically developed by Gohar & 
Cameron  [35] and Foord  [31]. They introduced the optical interferometry method 
to EHL lubrication in order to measure the film thickness. Compared to 
capacitive techniques this method allows a very detailed measurement of the 
EHL contact shape and the film thicknesses up to the nanometer scale. In 
contrast, capacitive methods allow mostly only the measurement of an average 
film thickness and pressure. 
The optical interferometry method was significantly refined by many researchers 
like Cann  [10], Johnston  [54], Sugimura  [82] and Marklund  [60]. Thus, it was 
possible to verify numerical simulations by experimental observations and to find 
new phenomena as for example done by Kaneta  [55]. Experimental findings in 
turn should be included and explained also by numerical simulations. Since a 
numerical simulation is only as good as the theoretical model assumed, 
experiments can never be replaced by simulations to hundred percent. An 
appropriate combination of both, theoretical as well as experimental work is 
often necessary. 
Also this work is describing experimental as well as numerical investigations. 
Some direct comparison with numerical and experimental results is done for the 
study of a reciprocating EHL rolling point contact presented at the end of this 
thesis. 
1.3 Background and objective of this thesis 
The tribology group at the University of Pisa has worked many years in the field 
of EHL lubrication. The research on EHL includes investigations for real 
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applications as well as fundamental studies. For example, in cooperation with 
the Avio® Aerospace Group the tribological behavior of gears is studied using 
high performance test rigs, whereas fundamental studies are carried out by 
using simple model geometries such as ball-on-disc machines. 
The work presented here focus mostly on fundamental studies in the field of 
EHL. In Pisa, at the Department of Mechanical, Nuclear and Production 
Engineering (subsequently referred to as DIMNP) experimental investigations 
have been carried out with a closer look on thermal effects and transient effects. 
Some of these studies are reported for example in Bassani  [2] and Ciulli  [21]. 
This relatively fundamental study is of interest, because many machine elements 
such as roller bearings, gears and cams work under conditions where the effect 
of sliding is not negligible anymore. Even more the usage of non-metal materials 
like ceramics becomes more and more attractive in industry in order to reduce 
weight, to have a higher stiffness or because of the thermal resistance. 
However, different thermal properties of the contacting surfaces may influence 
the film formation and friction  [23]. 
For pure rolling conditions (no sliding), works of e.g. Grubin  [34], Dowson and 
Higginson  [26] brought fundamental understanding of the working performance 
of machine elements with non-conformal lubricated contacts, by developing the 
EHL theory. Several studies have been made taking into account sliding effects. 
Wilson  [96] and Olver  [71] developed formulas where the deviation from the pure 
rolling film thickness values can be calculated by a correction factor and 
explained by inlet heating, or a temperature rise can be calculated by the bulk 
and flash temperature theory  [52]. Smeeth and Spikes  [79] tried to explain some 
of their experimental findings, measurements of the film thickness for different 
slide-to-roll-ratios S under steady state conditions, with the theory explained in 
 [71], [96]. However, the inlet heating and rise in bulk temperature could explain 
the change in film thickness by different S only to some extent. Further insights 
were gained with the experimental work of Cameron  [9] and Kaneta  [55]. Kaneta 
has shown the formation of a dimple in the central part of the contact under high 
sliding conditions if materials with different thermal properties are used. The 
classical theory, however, assumed a flat plateau in the central part of the 
contact and the film thickness and shape are mainly determined by the 
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conditions at the entrance to the contact. In  [56], Kaneta and Yang could verify 
the experimental findings with numerical simulations by solving also the energy 
equation and explaining the occurrence of dimples with the so-called 
temperature viscosity wedge effect. 
So far most of these works were using steady state condition in order to explain 
thermal effects caused in sliding contacts. But it must be considered that most of 
the machine elements are working under transient conditions by means of 
changing radius of curvature, load or speed. In some experimental and 
numerical works using transient conditions, such as the ones of Sugimura  [83] or 
Zhao  [102], the effect of squeeze on the film thickness was investigated. In Zhai 
 [101] friction coefficients have been simulated under transient conditions for a 
mixed contact. The effects of different slide-to-roll ratios combined with a change 
in velocity, however, are rarely investigated. First investigation have been done 
by Ciulli  [17], who analyzed EHL friction coefficient data under transient 
conditions combined with sliding. 
In this thesis, experimental studies such as  [17] and  [20] have been continued 
by modifying the existing experimental setup at the DIMNP. The experimental 
procedure such as the data analysis was improved in order to carry out 
efficiently EHL tests under transient conditions. In particular, friction coefficients 
and film thicknesses obtained when combining both, transient effects and 
thermal effects have been investigated. The research, however, consisted not 
only of experimental but also of theoretical components, as this adds more 
reality to the research project. A robust algorithm capable of simulating transient 
EHL point contacts was developed and applied to reciprocating EHL rolling point 
contacts. The final part of the numerical investigation has been carried out at the 
Kyushu University (Japan) in the Department of Mechanical Engineering 
Science (subsequently referred to as DMES). 
In the field of reciprocating EHL contacts few studies exist and are still of interest 
because the lubrication state of oscillating machine elements is often influenced 
by cavitation phenomena. After reversal of the rolling direction the outlet region 
becomes the new inlet region and thus the cavitation produced beforehand in 
the outlet region can be entrained into the conjunction. The knowledge of the 
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lubrication state of such EHL contacts working under non-steady state 
conditions is very important in order to prevent wear or even complete failure. 
There are some works with respect to EHL contacts under non-steady state 
conditions, which try to contribute with relatively easy to use expressions or 
formulae for practical use. Hooke  [47] has analyzed film thickness during 
reversal of entrainment in EHL line contacts and derived film thickness formulae. 
Sugimura et al.  [84] developed an expression for EHL point contacts to estimate 
the film thickness under acceleration or deceleration and compared some of the 
results with Hooke. Unfortunately the use is still hindered, because a constant 
for the upstream distance must be estimated by experience or by experimental 
observations. Messe et al.  [64] derived a method for a line contact to calculate 
the part of the film thicknesses were the Couette flow dominates. Close to the 
boundaries, however, where the pressure falls to zero and the minimum film 
thickness develops the Poiseuille flow becomes important. All those studies 
show that, EHL under transient conditions still needs further research. In 
addition, these works are assuming fully flooded conditions but these conditions 
are unfortunately not always found in real applications. 
Wedevsen et al.  [93] studied starvation phenomena for different supply 
conditions by optical interferometry. An important observation was that an oil-air 
meniscus is formed in the inlet region and moves towards the Hertzian contact 
circle as starvation increases. He developed formulae in order to predict film 
thickness based upon the position of the oil inlet meniscus. In numerical studies 
Hamrock and Dowson  [44] adopted the inlet meniscus position method to 
describe starvation. The studies above are limited because in real applications 
the position and form of the oil inlet meniscus cannot be measured or estimated. 
Elrod  [28] proposed an algorithm that automatically determines the position and 
shape of the meniscus between starved and pressurized regions. Chiu  [12] 
studied starvation but also the amount of oil left in the track in a rolling contact 
system. He developed analytically a first replenishment model based on surface 
tension. Furthermore he derived expressions to estimate the film thickness 
based on the amount of oil replenished. Wikstroem et al.  [95] stated that the time 
for replenishment only by surface forces in a rolling bearing is too short. 
Probably many effects, such as surface tension, spin, vibration and oil drops 
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refeed depending on the working conditions play an important role. Further 
research is still necessary. 
In the experimental work of Nishikawa et al.  [68] a significant reduction in film 
thickness due to starvation in a reciprocating point contact was shown 
depending on the stroke length. Izumi et al.  [49] simulated a reciprocating rolling 
point contact for fully flooded and starved conditions. The influence of cavitation 
effects in his numerical model was too severe since no replenishment was 
included. Wang  [92] and Kaneta et. al.  [57] simulated pure rolling EHL of short 
stroke reciprocating motion and compared the results with experiments. 
Observations were done for two test frequencies. They implemented the 
replenishment of oil into the numerical model based on the experimental 
observation of the oil film layer at the meniscus position. Good agreements 
between numerical and experimental results were found. The practical usage, 
however, is probably limited to the few experimental conditions observed. 
Nevertheless, the numerical investigations done are very useful as a tool for 
further developments of easy to use expressions in engineering applications. 
Recently, Sugimura  [85] and Izumi et al.  [50], [51] introduced in their numerical 
analysis a cavity pressure and found good correspondence in cavity shape and 
size with experimental observations. The present work adopted this definition of 
cavity pressure for reciprocating EHL rolling point contacts. 
The aim of the numerical investigation was not only to simulate a reciprocating 
EHL rolling point contact including the effect of cavitations but also the 
development of a first equation for the cavity length. This equation is easy to use 
and may give additional insights into the lubrication state of an oscillating EHL 
point contact together with film thickness estimations by other researchers, as 
reported before. 
1.4 The layout of this thesis 
Due to the organization of the work described above, this thesis can be divided 
into two parts. The following four chapters will focus on studies with the existing 
test rig of the Pisa tribology group. So far experimental EHL investigations at 
Pisa have been basically carried out under steady state conditions. In order to 
investigate also under transient conditions, by means of changing speeds, some 
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modifications were necessary. For example, as explained in  Chapter 2, existing 
LabView® control programs had to be modified and extended. The experimental 
apparatus uses optical interferometry for film thickness measurements. Under 
transient conditions a high speed camera is needed in order to record fast 
events. The correct use of a high speed camera is tricky and therefore some 
important considerations will be given. In addition, the way of analyzing 
experimental results such as the traction coefficients and the film thicknesses is 
compared to tests carried out under steady state conditions different and new 
methods must be found. As written in  Chapter 3, the film thickness and shape 
analysis has been significantly improved and speeded up by automatic image 
processing. A Matlab® program using recent image processing methods is 
developed. In  Chapter 4, experimental observations combining thermal and 
transient effects by running tests for different slide-to-roll ratios and changing the 
speed over time with a sinusoidal law are reported. Due to the complexity of 
several effects interacting together such as transient squeeze effects and 
thermal effects like inlet heating or the temperature viscosity wedge action, it is 
still very difficult to interpret the results completely. That is why similar 
experiments are rarely found in literature. The basic findings will be presented 
and discussed. 
The second half of this thesis will concentrate on numerical investigations. An 
accurate prediction of the film thickness and pressure in EHL contacts working 
under practical relevant situations is important. A common situation in 
engineering is reciprocating motion. This requires an algorithm that allows 
solutions with a large number of nodes (very fine grid) in a reasonable 
computing time. Therefore, it has been decided to start the numerical 
investigation using a recent multi level multi grid (MLMG) program which was 
developed by Lubrecht and Venner  [91]. The starting program calculates the film 
thickness and shape as well as the pressure distributions for a steady state EHL 
point contact. 
In  Chapter 5, after a short theoretical introduction of the governing equations 
and the necessary mathematics needed for understanding the basic idea of the 
algorithm, further developments of the program will be presented and discussed 
in  Chapter 6. 
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The goal was the development of a program which can simulate a reciprocating 
EHL rolling point contact including starvation effects due to cavitations. Thus the 
previous program has been extended step by step. First the program was 
extended to transient conditions by including the squeeze term into the Reynolds 
equation. In order to check the intermediate program versions, test simulations 
by introducing model roughness have been compared with results found in 
literature. Next, reciprocating motion was implemented, and again some results 
have been compared with other works. Following, starvation effects were 
introduced by implementing the well-known Elrod algorithm. In  Chapter 7, after 
modifications by some assumptions, the cavitation region as observed in 
reciprocating EHL rolling point contacts could be simulated. This new numerical 
tool made a parametric study possible in order to find expressions easy to use 
for practical applications. An equation that estimates the cavity length at the 
outlet of an EHL point contact could be derived and was compared with 
experimental observations. At the end of  Chapter 7, some complete transient 
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CHAPTER 2        
         
           
EXPERIMENTAL PROCEDURE FOR TRANSIENT CONDITIONS 
 
2.1 Experimental apparatus of the DIMNP 
The tribology laboratory of the DIMNP at the University of Pisa is furnished with 
a test rig for lubricated contacts as can be seen in Figure  2-1. All the 
investigations in Pisa have been done with this apparatus. The current situation 














DC motor (2)  
Figure  2-1: Test rig for lubricated contacts at the DIMNP. 
 
Pure rolling conditions and combined rolling and sliding can be simulated. The 
test rig allows friction force measurements, but is also equipped for optical 
interferometry and digital image acquisition with a high speed camera. 
Furthermore, the test rig allows also the use of different geometries. A ball on 
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disc as well as a cylinder on disc contact for different radius of curvatures can be 
tested. The apparatus, however, is not limited only to non-conformal contacts. 
With little modifications by fixing the rotating shaft it is also possible to test for 




Figure  2-2: Schematic side view (top) and top view (bottom) of the major 
components of the test rig. 
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A schematic representation of the test apparatus is given in Figure  2-2. In order 
to test different slide-to-roll ratios, the specimen and the disc are driven by two 
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where ud is the circumferential speed of the disc at the position of the contact, 
and us is the circumferential speed of the steel ball. 
The load is applied to the contact with weights via a lever mechanism supported 
on a radial gas bearing. Its axial motion (perpendicular to the drawing plane in 
the side view) is constrained by a load cell, which is used to measure the friction 
force. 
The height of the lever mechanism is vertically adjustable. This allows that the 
rotating axis of the specimen can be kept horizontal and thus perpendicular to 
the axis of the disc for different specimen diameters. Longitudinal adjustments 
(horizontal in the figure) are possible to position the contact at different radii on 
the disc. 
The motors are controlled through a program running on a standard PC (referred 
to as control PC). The rotational speeds of the disc and the specimen are 
measured with two incremental, optical encoders. As the rotational speed of the 
specimen may exceed the measurement range of the encoder during tests with 
high positive slide-to-roll ratios, optionally a tachometer can be used as a 
rotational speed transducer. Once the necessary parameters are given, the 
control software allows conducting experiments in a largely automated way. For 
transient experiments, sinusoidal speed profiles with a defined number of cycles 
can be realized. 
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The contact between the specimen and the disc is continuously lubricated by a 
jet of oil from a nozzle. The oil is recovered and led back into a controlled 
climate unit, where it is usually cooled or heated to a predefined temperature. Air 
conditioning in the laboratory contributes to a constant ambient temperature. The 
actual oil temperature is measured by thermocouples located close to the 
contact. 
The optical apparatus includes a trinocular stereo zoom microscope, which is 
mounted inclined by 7° against the vertical above the contact. A semi-
transparent mirror is fitted into the optical path below the microscope and can be 
adjusted angularly. A xenon lamp illuminates the contact. The high speed 
camera on top of the trinocular tube of the microscope is connected to a 
standard PC via a FireWire interface. For transient experiments, recording can 
be triggered externally through a signal generated by the control PC. The 
images are acquired with software provided by the camera’s manufacturer. They 
can be saved in TIFF format, which allows immediate further processing with the 
Matlab® Image Processing Toolbox or other software. Further details will be 
given in section 2.2.1. 
Following, modifications, considerations and improvements of experimental 
procedures in measuring the friction force and film thickness under transient 
conditions will be described. 
A great part of the experimental investigations has been carried out under 
steady state conditions. This is necessary in order to compare with other works, 
or to verify some results with the EHL theory (e.g. film thicknesses). Steady state 
results are also used as reference values for comparison with corresponding 
transient results. In the next chapters, however, the main emphasis is focused 
on experimental problems at transient conditions. 
2.2 General experimental procedure 
It is important to state how experiments under transient conditions have been 
carried out. Several problems arose and needed to be resolved first. In this work 
“transient conditions” means that, the velocity changes over time. 
A change in load over time was not realized. It could be possible by modifying 
some mechanical parts and adding for example a controlled pneumatic cylinder 
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to the lever of the rotating shaft. Since both, the investigation of the film 
thicknesses as well as the friction coefficient was of interest, a transient change 
in load would have been too cumbersome. With the existing test rig, vibrations 
caused by a pneumatic cylinder on the lever would have a great influence on the 
load cell which is indirectly connected to the lever via the gas bearing as it was 
shown above. 
As a first step a new control program was needed. Existing solutions; different 
LabView® control programs for steady state conditions; have been modified and 
extended. The new program is able to control the velocities of both DC motors 
independently, to change the speed over time and to trigger the high speed 
camera connected to another computer. 
Important input parameters are: 
• the velocity pattern, triangular or sinusoidal change of the entraining 
velocity between a minimum and maximum velocity 
• the test frequency 
• the number of cycles 
• the slide-to-roll-ratio 
• the geometry parameter of the specimens 
• the sample rate for the data acquisition 
• several other constants for calibration purpose (e.g. for the load cell). 
In Figure  2-3 an exemplary module of the LabView® control program is shown. 
 
 
Figure  2-3: Test parameter input of the control program. 
 
Once the program is started the disc and the test specimen (in our case a steel 
ball) accelerate to the maximum entraining velocity. After the maximum velocity 
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and a defined number of disc rotations is reached, the program will start the 
transient velocity pattern, triggers the high speed camera and records data; e.g. 
the traction force acting on the specimen, the temperatures measured by the 
thermalcouples close to the contact and voltage output of the tachometers and 
encoders. Finally, after running the desired amount of test cycles, the control 
program slows down the disc and specimen until the test rig stops. In Figure  2-4 



















Figure  2-4: Entraining velocity over time as applied in the transient 
experiments. 
 
2.2.1 Data acquisition 
Two standard PC’s were utilized for the control setup. A Pentium II computer 
controlled the test rig. As a soft- and hardware, LabView® (Version 5) and a 
National Instrument® card (AT-MIO-16E-10) with the corresponding Data 
Acquisition Board (DAQ board SC-2345) were used. The other computer 
(Pentium IV) was connected to the high speed camera via a FireWire 
(IEEE 1394) interface. Another solution could have been to use one computer 
for both, the high speed camera and the National Instrument® hard- and 
software. This however leads to compatibility problems with the National 
Instrument® equipment used in this work. Furthermore, due to the high amount 
of pictures generated by the high speed camera it is convenient to have one 
computer for the image processing and storing, and another for controlling the 
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test rig and data acquisition (tachometer and encoder voltage, temperatures, 
traction forces, etc.). 
 
For all possible test frequencies the sample rate was always set to be high 
enough that aliasing effects could be excluded. Compared to steady state 
conditions under transient conditions the sample rate has to be higher. However, 
the operation time of a standard PC is limited. This means for high sample rates 
the amount of data was higher than the amount that could be real time operated. 
Therefore, the data were stored first (“buffer” – no delay) and after a defined 
recording interval processed (e.g. the averaging operation was done). 
 
The high speed CMOS camera (model 1200 HS manufactured by PCO AG, 
Germany) itself was controlled by the PCO AG CamWare® software. A speed of 
up to 636 frames per second at its maximum resolution of 1280×1024 pixels and 
a color depth of 30 bits can be reached. This is possible due to an internal 
memory of 4 GB. After recording, the images were transferred via the FireWire 
interface to the PC for further processing. 
2.2.2 Camera trigger 
During experiments under changing speed, within seconds, a huge amount of 
images will be generated. If the kinematic conditions change over time (in our 
case the speed) it will be somehow troublesome to select representative images 
for analysis purpose. 
Therefore the high speed camera is started by a trigger signal in order to relate 
every image to the corresponding speed. For this purpose a rotary encoder 
connected to the shaft of the disc with two channels A and B is used. Channel A 
sends a TTL signal for a given increment (depending on the encoders accuracy) 
whereas channel B sends one TTL signal for each complete rotation of the 
encoder. After some filtering with an electronic circuit, the two TTL signals are 
connected with the input to the integrated counters on the National Instrument® 
board. Thus, it is possible to correlate the position of the disc with the encoder 
signal. Channel B is important to reset the signals counted for one encoder 
rotation. This is necessary in order to minimize the accumulation of counting 
errors with every rotation. Even if only an error of one increment for each rotation 
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occurs, without the use of Channel B the error would add up and consequently 
would make it impossible to locate the exact position of the disc. 
After the maximum test speed is reached and a defined integer number of disc 
revolutions (Figure  2-5), a trigger signal to start the high speed camera is sent. 
 
 
Figure  2-5: Parameter input for the high speed camera trigger. 
 
As shown schematically in Figure  2-4, a time lag between the trigger signal and 
the actual acquisition of the first image was inevitable (e.g. due to the operation 
time of the computers, electrical circuits etc.). The time delay is relatively small 
and in a range of about 50 ms. However, when testing for higher frequencies the 
time lag must be determined in order to locate the correct images to the 
continuously changing speed. A similar discussion is reported in Ren  [74]. 
As an example, let us assume a test frequency of 1 Hz and a frame rate of 
1000 images per cycle. For a assumed time delay of 0.05 s theoretically 50 
images will pass before the camera has even recorded the first image. Without 
the consideration of the time lag the shift of 50 images can lead to wrong 
interpretations when analyzing them. For higher test frequencies the shift would 
be even higher, whereas for low test frequencies the time lag can be neglected. 
Knowing the exact position of the disc, the time lag can be simply estimated by 
placing a black mark on the upper side of the disc (Figure  2-6). 
 




Figure  2-6: Template to measure the time delay (schematically). 
 
Prior to starting each experiment, the leading edge of the mark was positioned in 
the field of vision of the high speed camera. The trigger signal was activated 
after an integer number of disc revolutions and exactly one cycle duration before 
the beginning of the sinusoidal speed profile (see Figure  2-4). Thus, every 
recording contained one steady state cycle and several transient cycles. 
Knowing the recording frame rate and the theoretical number of dark images 
caused by the black mark passing by the camera’s field of vision, one can 
determine the time lag from the actual number of dark images at the beginning 
of a recording. The time lag is simply the number of dark images already passed 
divided by the frame rate. For more explanations the reader is referred to  [18] 
and  [19]. 
2.2.3 High speed camera 
As already stated above, the camera settings are defined by the software 
CamWare®. After some test runs it was found that the frame rate needs to be 
adjusted. This kind of problem may depend on the equipment used, e.g. the high 
speed camera itself or the corresponding software. However, it is worth to give 
some explanations, since similar problems may occur in other applications if a 
high speed camera is in use. 
As an example, for experiments carried out with a test frequency of 1 Hz a frame 
rate of 500 images/s was chosen. For this purpose the exposure time of the high 
speed camera is set to 2 ms. In Figure  2-7 is shown the control window of the 
PCO AG CamWare® software. 
 




Figure  2-7: Control window for setting the exposure time and delay time 
(frame rate regulation). 
 
Therefore one will record for 1-cycle and 1 s exactly 500 images. For a lower 
test frequency of 0.25 Hz, 1-cycle will be 4 s long. In order to have the same 
number of images for 1-cycle one needs to set the frame rate in such a way that 
only 125 images per second will be recorded. Increasing simply the exposure 
time to 8 ms will fail, because the images will be overexposed. In addition, the 
quality of the images would be different compared to the ones recorded for 1 Hz 
(exposure time 2 ms). 
Theoretically one could set a delay time of 6 ms and an exposure time of 2 ms in 
order to obtain 8 ms. Unfortunately, in this way the frame rate will not give 
correct results. For example, if the frame rate is set as described, then the time 
passed between the 1st and the 126th image should be exactly 1 s. This is not 
the case and consequently, after recording many images under transient 
conditions, it would be very difficult to find the correct image to the 
corresponding velocity. 
To overcome this problem, a correction time has to be calculated. First the 
sensor size of the high speed camera needs to be defined for the desired test 
conditions. (Often, for memory space optimization reasons, it is sufficient to use 
only a part of the cameras field of vision.) 
Let us assume that one wants to calculate a correction time for a test frequency 
of 0.25 Hz using a frame rate of 500 Images per cycle. Furthermore one wants 
to record 4 cycles. This results in a total amount of 2000 images after 16 s. (The 
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maximum amount of images which can be recorded by the high speed camera 
changes depending on the sensor size and cam ram set.) 
In order to calculate the correction time a test run is necessary. First, the frame 
rate is set as described above to a total trigger time of 8 ms. In other words, a 
delay time of 6 ms and an exposure time of 2 ms is set. The results of the test 
run are summarized in Table  2-1. 
 
Table  2-1: Results for a delay time of 6 ms and an exposure time of 2 ms. 
1614.22205954.5411672001
0040.3191081
Theoretical Time [s]Actual Time [s]Time Indicator [s]Image
 
 
The difference between the theoretically expected time after 16 s and the actual 
time is nearly 2 s. This is a big error considering a frame rate of 125 images per 
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where tmax is the maximum time measured, Imax the corresponding image 




Delay s= − =  
 
Therefore, the correction time will be 
 
6 5.10747576 0.89252theoreticalCorrection Delaytime Delay ms ms ms= − = − =  
 
Adding this correction time to the delay time one will obtain a correct frame rate 
as shown in Table  2-2. It can be seen that, including the correction time the error 
during the registration of 2000 images in 16 s is negligible. 
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Theoretical Time [s]Actual Time [s]Time Indicator [s] Image
Exposure time: 2msDelay time: 6ms+0.89252ms
 
 
Another solution could be the additional use of an external signal generator. For 
the application explained here two external signals would be necessary. One 
signal needs to trigger every single picture of the high speed camera and 
another signal needs to define the time of exposure. In this work, however, such 
a signal generator was not available. 
2.3 Analysis of the friction coefficients under transient 
conditions 
With the test rig explained above, basically the film thickness and the friction 
force were measured. Here, a short description of the procedure in analyzing the 
friction data obtained under transient conditions is given. A detailed explanation 
of the test conditions and experimental results is not intended in this section. 
As mentioned before, the friction force was measured by a load cell which 
constricts the axial movement of a gas bearing that supports the rotating shaft of 
the test rig. Compared to experiments carried out under steady state conditions 
the influence of noise (e.g. vibrations) becomes more evident under transient 
conditions. Furthermore under transient conditions the sample rate is higher. 
However, the operation time of a standard PC is limited. For high sample rates 
the amount of data was higher than the amount that could be operated. 
Therefore the raw data were stored (“buffer”) and after a defined recording 
interval the average operation was taken. The pre-averaged data still contain a 
lot of noise. In order to get rid of the high amount of noise, further average 
operations and filtering is necessary. For this purpose Matlab® was used. 
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In general, good results have been obtained when averaging the measured data 
of several cycles. This means at least 20 cycles for friction force measurements 
under transient conditions have been recorded. In Figure  2-8, the results for the 
friction coefficients of a complete cycle after averaging 20 cycles (referred to as 
cyclostationary mean) can be seen. Also, the measured (red line) and theoretical 
(green line) mean entraining velocity ue is present. For this test the mean speed 
was changed with a sinusoidal law at a test frequency of 1 Hz between 
0.055 m/s and 0.225 m/s. As evident the velocities show some fluctuation but 
correspond well with the theoretical speed. The friction coefficients show big 
fluctuations even after averaging 20 cycles. 
 





























Figure  2-8: Full cycle of an averaged friction coefficient over time (test 
frequency of 1 Hz, S=1.8). 
 
In Figure  2-9 the friction coefficient values are illustrated over the mean velocity. 
A difference in the friction coefficient values is found for accelerating (red line) 
and decelerating (blue line) speeds. This is due to transient effects and will be 
explained more in chapter 4. The occurrence of such so-called friction coefficient 
loops depends on the test conditions in non-steady state experiments and is 
reported also in other works like Hess et al  [46]. 
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Figure  2-9: Full cycle of an averaged friction coefficient over mean velocity 
(test frequency of 1 Hz, S=1.8). 
 
To sum up, in the cyclostationary mean cycle the fluctuations in the friction 
coefficient values are still relatively strong and show the need of further 
processing. 
Thus, the cyclostationary mean cycle was high pass filtered by using the Fourier 
transform algorithm. For the filtering purpose the use of the mean cycle (see 
Figure  2-9) gave best results. Figure  2-10 shows the frequency spectrum of the 
raw friction coefficient data. Several peaks in a frequency range between 0 and 
30 Hz are present. High pass filtering was carried out in the simple way that the 
FFT of the recorded signals is made, then the values corresponding to 
frequencies greater than a specified one (referred to as cutting frequency) are 
put to zero and the inverse transform is finally made. After many test runs it was 
figured out that, good results are obtained when using a cutting frequency which 
is 1.5 times the test frequency, or a cutting frequency which corresponds to the 
greatest rotation frequency of disc and specimen  [17]. 
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Figure  2-10: FFT spectrum of the friction coefficient signal. 
 
In Figure  2-11 are shown the raw friction coefficient data together with the 
filtered data for all 20 cycles. The necessity in averaging and filtering the friction 
data is very clear. It would be impossible to interpret results obtained in non-
steady state experiments by just looking on the raw friction data. 
 
 
Figure  2-11: Raw and filtered data over speed. 
 
The final result of the present example is shown in Figure  2-12. For comparison 
reasons, the friction coefficient data after FFT filtering of the cyclostationary 
mean cycle and the unfiltered cyclostationary mean cycle are plotted together. 
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All told it can be seen that the filtering of a cyclostationary mean cycle, based on 
a sufficiently high number of cycles (in our case 20 cycles), with a cutting 
frequencies 1.5 times the test frequency, provides results suitable for 
comparisons not influenced by unwanted vibration effects. 
 
















Figure  2-12: Friction coefficient data after FFT filtering and cyclostationary 
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CHAPTER 3        
         
           
MEASUREMENT OF THE FILM THICKNESSES 
 
 
During experiments under transient conditions, in order to analyze fast events, a 
big amount of interferogram images must be recorded. So far there was no 
possibility at the DIMNP to analyze large numbers of interferograms efficiently. 
Considering this situation, it was self-evident that the development of new or 
improved image processing programs could enhance the explanatory power of 
measurement results and above all reduce the time needed to obtain these 
results. 
3.1 Existing solution at the DIMNP 
Prior to the present work, at the DIMNP there were already some programs to 
analyze monochromatic interferograms in two dimensions, as the one described 
in  [16]. Apart from the fact that this program did not run without modifications on 
more recent versions of Matlab®, it required the user to manually define a 
number of points from where the fringes were counted in different directions. 
Squarcini  [80] presented a similar, but more sophisticated program based on 
phase unwrapping instead of fringe counting. This program could take into 
account shades of gray between the extremes of monochromatic interferograms, 
but still required subdivision of the image into several zones, which were 
processed in different ways. 
Considering this expenditure of inputs and the limited suitability of 
monochromatic interferograms for transient experiments, further improvements 
of these programs did not seem promising. 
So far the white light interferograms generated during experiments under 
transient condition needed to be analyzed by eye. To give someone an idea, a 
comparison between some exemplary outputs of the new image processing 
program with the manual image analysis method is demonstrated in Figure  3-1. 
With the previous method mostly the minimum and central film thickness was 
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determined from white light interferograms. A detailed description of the new 
image processing program will be given later. 
Like the new program, the manual method employs a calibration table. This table 
relates a qualitative description of colors to film thicknesses. The table presented 
here is discretized in varying steps between 30 nm and 90 nm, consequently 
offering a resolution similar to a monochromatic interferogram analysis program. 
However, the accuracy depends also on the individual color perception of the 
person using the table. 
 






































Figure  3-1: Comparison of film thicknesses determined with the image 
analysis program and by manual table lookup (table for a refractive index of 
1.5, according to  [14], interferogram recorded under steady-state conditions, 
ball Ø = 10.319mm, S = 0.25, ue = 0.25 ms-1). 
 
In the present example, the color in the area where the minimum film thickness 
occurs can be described as a greenish yellow. Note that the color perceived by 
the eye differs between the two side lobes, probably due to non-uniform 
illumination. However, the value seems to be almost the same, since a film 
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thickness difference is hardly noticeable in the plot generated by the image 
analysis program. Looking at the calibration table, a value between 0.30 μm 
and 0.33 μm can be assumed for these points, which is in line with the values in 
the plot. The central film thickness is rather difficult to determine in this case, 
since the corresponding color is somewhere in the transition from green to 
purple. According to the table, a yellow fringe would have to be visible between 
these two colors. This fringe does appear towards the lower left corner of the 
image, but is completely missing in the upper right area. This anomaly might 
also be a consequence of the illumination conditions. The film thickness can 
thus only be estimated between 0.46 μm (green) and 0.59 μm (purple), probably 
closer to 0.46 μm. Within this unsatisfying large range, this can be considered in 
compliance with the result obtained with the program. 
Taken as a whole, an automatic image processing program, as developed in the 
present work, increases the explanatory power of experimental results with 
regard to accuracy and information content as well as significantly decreases the 
amount of time necessary for the image analysis. It can be applied for all 
experiments, as long as film thicknesses do not exceed the measurement range. 
Moreover, the field of application is extended to transient experiments, for which 
previously no software tool existed. Following the program will be explained in 
detail. 
3.2 Optical interferometry – basic principals 
As mentioned, the film thickness has been measured by optical interferometry. 
Interferometric measurements require the lubricated contact to be visible, and 
accordingly one of the contacting bodies must be of transparent material. Since 
common machine elements do not meet this prerequisite, in experiments the 
kinematical couple is simulated by pressing a specimen (not necessarily a ball) 
with appropriate radii of curvature against a disc of transparent material such as 
glass or sapphire. The basic principle of the formation of interference patterns on 
such a contact is illustrated in Figure  3-2. The glass discs used for the 
experiments are coated with a semi-reflective chromium layer on the side of the 
contact. A beam of light falling through the glass will be partially reflected at the 
interface between the glass and this layer, whereas another part will go through 
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it and is reflected at the surface of the (steel) specimen. The angle formed by the 
incoming and the reflected beam is negligible in practice. The silica (SiO2) layer 
shown in Figure  3-2 serves as protection to reduce abrasion and also as a 
spacer layer to increase the measurement range. Since the two beams cover 
different distances, there will be a phase shift between the corresponding light 
waves. When the waves superimpose, the resulting amplitude will be between 
zero (destructive interference) and twice the amplitude of the original wave 
(constructive interference), depending on the optical retardation. Thus an 
interference pattern can be made visible. In the case of monochromatic light it is 
consisting of bright and dark fringes whereas in the case of white light a colored 
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Figure  3-2: Basic principle of film thickness measurement as applied at the 
DIMNP test rig (according to  [80]). 
 
3.2.1 Monochromatic light 
Strictly speaking, the above description is only valid if monochromatic light is 
used, i.e. light with a very narrow spectrum around one wavelength λ0. In this 
case the height of the gap between the disc and the specimen and thus the film 
thickness can be calculated from the number of bright and dark fringes in the 
interferogram. For EHL contacts, such interferograms will generally look similar 
to that shown in Figure  3-3. The exact correlation between film thickness and 
interference intensity depends on the refractive indices ni and the thicknesses hi 
of the traversed media, but also on the additional phase shift Φ caused by 
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reflection. An approximation for the irradiance I of a beam resulting from 
interference of two reflected beams with the irradiances I1 and I2 is given by  [27]: 
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where the coefficient ca takes into account the loss of irradiance with increasing 
film thickness due to the imperfect coherence of the light. 
 
The use of monochromatic light for measurements is subject to some 
restrictions, the most crucial of which is that counting the fringes only gives 
information on film thickness differences, and the absolute film thickness in at 
least one point must be known. Furthermore, a monochromatic interferogram 
does not uniquely indicate whether the difference between the film thicknesses 
corresponding to neighboring fringes is positive or negative. As the typical 
qualitative shape of an EHL contact is well-known, the interferograms can be 
interpreted nevertheless by a competent person. In contrast, the determination 
of film thicknesses by automated image processing requires either numerous 
and time consuming user inputs or very complex algorithms. To determine the 
whole shape of the contact with a reasonable amount of work, largely 
automated, fast procedures are essential. 
 
The resolution of monochromatic interferometry is limited, since normally only 
discrete film thicknesses at the bright and dark extremes can be calculated and 
the values in between must be interpolated. The distance of these discrete 
values is in the order of Δh = λ0/4n. For green light (λ0 = 545 nm) and for a 
typical refractive index of the oil of n = 1.5 this results for example in 
Δh = 91 nm. Another problem relevant especially for the present work arises 
from the way the contact is illuminated on the DIMNP test rig. Monochromatic 
light is created there by filtering white light, using only a small portion of its 
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spectrum. This implicates a considerable loss off light intensity. Thus any 
photographic or electronic recording of the interferograms requires considerably 
longer exposure times than when using the unfiltered light directly. For tests 
under steady state conditions this is acceptable because the conditions can be 
maintained as long as desired. However, experiments under transient conditions 
may require short exposure times in the scale of a few milliseconds to observe 
fast events. 
3.2.2 White light 
The use of white instead of monochromatic light partially resolves the above-
mentioned problems. Foord et. al.  [31], who analyzed their interferograms by 
eye, already used white light for their measurements because it creates 
interferograms with easy to identify colored fringes like the one shown in Figure 
 3-4. Every colored fringe corresponds to a certain film thickness. The fringes are 
formed by interference of beams with many different wavelengths, and besides 
that, the refractive indices of materials are wavelength dependent. Therefore 
modeling the interference phenomenon mathematically is far more complex for 
white than for monochromatic light and shall not be discussed here in detail. 
 
  
Figure  3-3: Interferogram generated 
with monochromatic light of 
wavelength λ0 = 545 nm. 
Figure  3-4: Interferogram recorded 
under the same conditions, using 
white light from a xenon lamp. 
 
Considering that the correlation between film thickness and any numerical 
representation of colors will generally be nonlinear, film thicknesses can be 
determined by a table lookup once an appropriate calibration table is available. 
This procedure provides a better resolution than the analysis of monochromatic 
interferograms and will be limited mainly by the accuracy with which colors can 
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be distinguished. Resolutions down to the order of 3 nm have been reported 
 [65]. It should be noted in this context that color perception may vary from 
person to person. For this reason, manual analysis of white light interferograms 
should be taken with care. Moreover, very similar colors will occur more than 
once within the measurement range. There will be e.g. a first, second and third 
blue fringe etc. Therefore, if digital image processing is employed, also white 
light interferograms must be analyzed either with the aid of human discrimination 
or by advanced algorithms. 
The method’s greatest disadvantage is the strict limitation of the measurement 
range. Film thicknesses smaller than about 0.1 μm tend to appear as shades of 
grey (with zero theoretically resulting in black), and above roughly 1 μm fringes 
are not visible at all due to the low-coherent nature of white light. Monochromatic 
light, on the other hand, is usable from zero up to several microns (see also the 
visibility of fringes in Figure  3-3 and Figure  3-4). In case of white light, the lower 
limit can be extended by adding a spacer layer of transparent material to the 
disc (often referred as ultra thin interferometry), implicating an equivalent 
reduction of the upper limit  [15]. Although the measurement range is rather 
narrow, it is at least in the scale of common EHL film thicknesses and is 
practicable if the experiments are designed appropriately. 
 
 
Figure  3-5: Theoretically computed interferogram (light attenuation 
neglected) of an EHL contact when using trichromatic light. 
 
3.2.3 Trichromatic light 
If three monochromatic beams of different wavelengths λ1, λ2 and λ3 interfere, 
this will also results in a colored interferogram  [62]. An example (Figure  3-5) was 
calculated from an existing film thickness map of an EHL contact by using Eq.( 
 3-1 ) for three wavelengths (λ1 = 505 nm, λ2 = 540 nm and λ3 = 580 nm) and 
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superimposing the results as the red, green and blue channel of an image. 
Compared to white light having a continuous spectrum, trichromatic light 
significantly reduces the loss of saturation caused by multiple constructive 
interference (grey areas in Figure  3-4). Therefore the fringe contrast will still be 
comparatively high at larger film thicknesses. 
In the next chapter a detailed description is given in how the film thicknesses are 
measured by monochromatic and white light interferograms. 
3.3 White light image processing 
After analyzing the existing solutions for interferogram analysis by means of 
image processing, the development of a completely new program turned out to 
be necessary. It became also clear that, for experiments under transient 
conditions conducted with the existing equipment, white light instead of 
monochromatic interferometry was preferable due to the small exposure time 
necessary in order to observe fast events. The program should be designed to 
determine two-dimensional film thickness maps of circular point contacts from 
white light interferograms. Furthermore it should also be capable of analyzing 
interferograms of rough contacts or contacts with anomalies like dimples if 
possible  [55]. The results should be output both in graphical and numerical form 
for visualization and for further processing. An automated analysis was aimed for 
in order to achieve reliable, operator-independent results while requiring a low 
expenditure of time. To facilitate the processing of the large amount of images 
produced in experiments under transient conditions, the program should read 
whole series of interferograms as they are produced by the camera software. 
Previous works by other researchers (e.g.  [27],  [60] and  [62]) promised good 
prospects for the feasibility of the project. The algorithm based on an image 
processing method first introduced by researchers like Marklund  [60] has been 
used as starting point. Matlab® was chosen as the programming environment 
because it offers built-in functions for image and signal processing, as well as 
versatile data input and output capabilities. 
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3.3.1 Basic principle 
Basically, the method correlates the color information stored in the recorded 
images to the film thickness in a more or less automatic way. 
There are several ways of describing color information quantitatively for 
processing on computers. RGB color space is the most common one, since it 
represents each color by its Red, Green and Blue component. Another color 
space, which is to some extent closer to the human perception of color, is known 
as HSV. Identical or very similar color spaces are sometimes also referred to as 
HSB, HSI, HSL or θ-S-W. It defines color by its Hue H, Saturation S and Value V 
component. Hue means the color type, such as the ‘redness’ or ‘greenness’ of 
the color  [53] and is the only component actually containing information on what 
would be considered as “color” in normal language use. Saturation quantifies the 
intensity of a color, i.e. if it is rather gray or colorful, and Value stands for its 
brightness. 
RGB and HSV can be converted into each other by a non-linear, bijective 
transformation. (This transformation can be imagined as distorting the RGB cube 
to a double hexagonal cone and rotating it so that the black corner is at the 
bottom  [3].) 
Out of the HSV space only the H channel is used due to its insensitivity to 
luminance and saturation of the colors, which are stored in the two other 
channels. Therefore the measurement results are unlikely to be influenced by 
illumination conditions. In contrast to H, S and V will change in a very irregular 
manner within a comparatively small bandwidth and therefore their analysis does 
not seem eligible for the measurements  [27]. 
Full details of methods on how to use HSV and the H channel in particular for 
film thickness measurements can be found in Eguchi & Yamamoto  [27] and 
Marklund & Gustafsson  [62]. Here only the main aspects are reported for 
understanding the methodologies used in the program specifically realized for 
fast processing of image series from experiments under transient conditions. 
3.3.1.1 Differential colorimetry 
RGB and other color spaces can also be used to analyze interferograms for film 
thickness measurements, as they contain the same kind of information 
represented in a different basis. An obviously sophisticated RGB-based method 
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has been presented in  [65]. The authors found that up to film thicknesses around 
0.8 μm every combination of R, G and B values and thus every color is actually 
unique. Although the colors of different fringes seem to be very similar for the 
human eye (e.g. ‘green’ or ‘blue’), they have more or less saturated shades and 
various brightness values, albeit the differences may be small. The progressions 
of the color coordinates over film thickness resemble three damped sine waves 
that differ in frequency and phase and thus, like H values, will be ambiguous if 
considered only apart from each other. This makes it a challenging task to find a 
reliable way of calibration for this color space, since not only scalars (such as H), 
but 3-tuples (R, G, B) must be compared. In addition, equal film thicknesses 
occurring in different places do not necessarily cause the same RGB values, 
since especially illumination may influence them significantly. The present optical 
setup at the DIMNP test rig tends to produce interferograms that are not 
illuminated uniformly. For this reason and due to the problematic calibration 
procedure, using RGB color space was discarded for the image analysis 
program to be developed. 
3.3.1.2 Phase unwrapping 
The value of the H channel can be obtained from R, G and B  [60] by the 
equation 
 
2arctan2 G R BH
R B
− −⎛ ⎞= ⎜ ⎟−⎝ ⎠  (  3-2 ) 
 
where arctan2 is the four-quadrant inverse tangent, which requires a case 
differentiation depending on the quadrant of the argument. 
In a white light interferogram the progression of the H value over film thickness 
will be a wrapped signal similar to a periodical signal, but not exactly periodical. 
Since it can be regarded as a phase angle modulo 2π, it will jump from its 
minimum to its maximum value or vice versa. A function bounded to the interval 
(0, 2π) can be considered as a wrapped phase signal if it has a progression as 
shown in Figure  3-6. In this example the hue values have been actually 
calculated using three wavelengths (λ1 = 505 nm, λ2 = 540 nm and λ3 = 580 nm); 
H values have been normalized to (0, 1). 
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If a way is found to deal with the ambiguity of the H values, a calibration table 
correlating them directly to film thicknesses can be created. This is done by an 
algorithm that adds (or subtracts respectively) the height of the interval to all 
values subsequent to a discontinuity, so that a continuous signal is 
reconstructed. 















Figure  3-6: Example of phase wrapped and unwrapped hue values as a 
function of film thickness. 
 
This process, which is referred to as phase unwrapping, can also be 
accomplished by computing the numerical derivative (or gradient for phase 
maps), setting it to zero at the peaks resulting from the discontinuities and re-
integrating it. Figure  3-6 also shows a characteristic behavior of the unwrapped 
hue value in dependence of the film thickness. The hue value monotonically 
decreases until a minimum, the position of which depends on the spectrum of 
the light. For trichromatic light, as assumed in this example, the minimum will 
usually be above one micron, whereas for white light it is expected between 0.6 
and 0.8 microns with a similar course of the function as shown here. As soon as 
the hue values are available as a monotonic function in this interval, a calibration 
table associating them uniquely to film thicknesses can be built straightforwardly. 
The monotonically increasing section beyond the minimum can only be used for 
calibration if an additional case differentiation is made. 
 



































Figure  3-7: Wrapped phase map of a white light interferogram of an EHL 
point contact (a) and wrapped (b) and unwrapped (c) hue values along the 
horizontal line. 
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The hue values in interferograms with repetitive colored fringes are obviously 
such functions in two dimensions that shall be called wrapped and unwrapped 
phase maps. An example of a wrapped phase map extracted from a white light 
interferogram of a real EHL contact is shown in Figure  3-7 a). 
The wrapped hue values in Figure  3-7 are created by measurements and not by 
artificially wrapping an unbounded signal as seen in Figure  3-6. Measurements 
imply a certain amount of noise and uncertainty. In addition, if the sampling rate 
is too low, it is possible that the dynamics of the jumps are not fully captured. 
Therefore the real jump discontinuities will not be exactly 1 but slightly smaller. 
Taking into account that the fringes tend to attenuate at large film thicknesses, 
these effects can become very distinct. Figure  3-7 b) shows a horizontal section 
through the wrapped phase map (H value) of Figure  3-7 a). It is clearly visible 
that the signal-to-noise ratio and the dynamic range deteriorate towards the 
edges of the interferogram. Unwrap such a signal can be challenging, since a 
discrete signal by definition has discontinuities everywhere. Consequently, it 
must be decided which of them are caused by actual phase jumps and which by 
the natural course of the signal, including noise. High-pass filtering does not 
solve this problem, since it both reduces noise and smears out the phase jumps, 
which are high-frequency components themselves. The (partially) unwrapped 
phase in this particular example is shown in Figure  3-7 c). The decision criterion 
(threshold) used in this work has been a discontinuity of more than 0.3 between 
two consecutive values. In the result the approximate shape of the typical mid-
plane profile of an EHD contact becomes visible (however, in this particular 
example, the algorithm failed to perform correct unwrapping of the values near 
the left edge of the plot). 
For measured phase maps in two dimensions another important problem arises. 
Line integrals over them will in general be path-dependent and errors will 
propagate, making it difficult to obtain an unwrapped result that is consistent 
everywhere. Since multi-dimensional phase unwrapping is a task that occurs in 
various applications, such as magnetic resonance imaging or radar 
interferometry, various rather complex algorithms have been developed for it in 
the past. For example the algorithm presented in  [33] had received particular 
attention and was an important basis for the further developments conducted in 
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 [60] and  [62]. Several versions of the algorithms found in the literature have 
been implemented in the Matlab® environment and tested with interference 
images obtained with the experimental apparatus described in the following (e.g. 
Tribolet  [88]). However, none of the algorithms performed satisfactorily on the 
real interferograms of EHL contacts used. 
Therefore, a pseudo-two-dimensional integration approach has been finally 
chosen taking into account that a path-following integration method is likely to 
produce less inconsistencies if it uses several separate paths that all start at the 
same point. The two-dimensional unwrapped phase map is assembled by 
joining the results of all the one-dimensional integrations and interpolating the 
values that were not covered by any path. Since a method especially for circular 
point contacts was to be developed, the central point of the contact area 
suggested itself as the origin for integration paths running radially outwards. In 
order to obtain a more concise, easy to handle program code, the algorithm 
does not operate directly on the original wrapped phase map. In a pre-
processing step, the matrix is read out along a sequence of radial lines at 
intervals of a predefined angular increment. The values retrieved along each of 
the lines are written into rows of a new matrix. Thus the first column of this 
matrix will contain the wrapped value of the central point in every row, while the 
last column will contain the values occurring around the whole circumference of 
a circle with the maximum radius considered. This transformation is illustrated in 
Figure  3-8. Unwrapping itself is accomplished by a simple one-dimensional 
algorithm that unwraps the pre-processed matrix row by row and decides where 
to add or subtract integer values (because all wrapped H ∈ (0, 1)) by comparing 
the differences between consecutive elements to a threshold value T < 1. The 
threshold value is given to the function as a parameter. Finally, the resulting 
unwrapped matrix is transformed back into the original coordinates. 
 








Figure  3-8: Schematic illustration of the coordinate transformation performed 
before phase unwrapping. 
 
Filtering and interpolation operations can be included at this point to reduce the 
inherent noise of the measured interferograms. For all filtering operations, 
spatial averaging by convolution with a finite impulse response (FIR) filter was 
implemented. This filter replaces every matrix element by a (weighted) average 
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where A = {Am,n} and Ã = {Ãm,n} are the matrices containing the input and output 
values respectively, and F = {fk,l} is the convolution kernel or filter mask that 
defines the filter. Uniform convolution kernels, consisting of an N×N matrix with 
each element f(k, l) = 1/N2 ∀ (k, l), turned out to deliver good results, i.e. they 
effectively reduce noise without changing the low-frequency components of the 
signal. 
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Figure  3-9: Comparison of different low-pass filters to remove noise from the 
measured signals on the example of a mid-plane film thickness profile of an 
EHL contact. 
 
In Figure  3-9 the FIR filter is compared with an FFT filter. The FFT method was 
successfully used in  [2] to distinguish actual interference extremes from other 
local extremes caused by noise. However, as can be seen, the FFT method 
does not seem suitable to filter the measured Hu or film thickness maps, as it 
may produce overshoots near the edges of the matrix and also cause 
undesirable local biases of values. Here only the first 20 of 201 FFT coefficients 
were used, still leaving a visible high-frequency component in the signal and 
locally producing unacceptable relative errors of up to 18 % nevertheless. 
All told the pseudo-two-dimensional algorithm explained above is stable as long 
as the threshold value is not set smaller than twice the maximum noise 
amplitude that occurs in the matrix. The simple arithmetic without any 
calculations in the frequency domain does not cause undesirable oscillations in 
the result. The success of the unwrapping procedure will depend on the quality 
of the input image, in particular on the magnitude of the phase discontinuities 
and the signal-to-noise ratio. 
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3.3.2 Concept of the image processing software 
The software follows a calibration-lookup approach. The necessary operations to 
obtain film thicknesses from interferograms can be split up into two main steps. 
First, a correlation between film thicknesses and hue values, i.e. a calibration 
table, must be found. In a second step, the actual image analysis, this calibration 
table can in turn be applied to determine film thicknesses from given hue values. 
In both cases phase unwrapped hue values are used. Since the calibration 
procedure must be accomplished at most once per experiment, the two subtasks 
were realized in separate programs (Figure  3-10). Both of them employ the 
same unwrapping algorithm, but differ slightly in the way they process images. 
This is due to the fact that for calibration the area outside of the actual (Hertzian) 
contact is of interest, whereas for image analysis mainly the (EHL) contact zone 
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Figure  3-10: Structure of the two main programs and their interaction. 
 
The calibration program calibration.m requires as input an interferogram image 
of a Hertzian point contact and a table containing the height of the gap around 
this contact in dependence of the radius around its centre. The output is a 
Matlab® file containing the calibration lookup-table. The parameters requested 
as user inputs include the area within the image to use and the scaling factor 
relating the size of a pixel in the image to the corresponding length in the real 
Chapter 3                            Measurement of the film thicknesses 
 
 51 
contact. In consideration of the program being comparatively seldom used, 
further interaction with the operator is intended to ensure that only correctly 
phase unwrapped values are exploited. 
In contrast, the image processing program wliproc.m (White Light Interferogram 
Processor) passes on fewer decisions to the operator. A set of parameters for 
each experiment must be given at the beginning. Once an image file name is 
provided to the program, it looks for all files generated by the camera software. 
So there is no need to open every interferogram separately. This batch-
processing feature is meant when processing several images in succession. A 
limited number of partially graphical inputs must be made until the calibration 
table can be applied and the result is visualized. If the user accepts it, a result 
file in Matlab® format and several figures are created. The raw, unwrapped hue 
values are also saved in case the calibration table should turn out to be 
erroneous later. 
3.3.3 Calibration table 
To generate calibration tables, the most practicable approach with regard to the 
present test equipment was recording interferograms of a contact of known 
shape and associating the obtained Hu values with the corresponding film 
thicknesses. A polished steel ball touching the glass disc exactly in one point is a 
suitable candidate for such a shape. As an ideal point contact can hardly be 
created in practice, a Hertzian contact was used instead. To avoid corrections of 
the refractive index between the calibration procedure and the experiments, the 
contact was immersed in a drop of oil. However, this cannot compensate for the 
pressure dependence of the refractive index, because around the contact area 
only atmospheric pressure prevails. 
To obtain as accurate as possible reference values for the ‘film thickness’ around 
the Hertzian contact, i.e. the distance between the surface of the glass disc and 
that of the ball, an MathCAD® worksheet was created. Based on a 
Boussinesque analysis, it calculates the deformation of both the steel sphere 
and the glass disc and thus the height of the gap between them. The results are 
written into a Microsoft Excel® table consisting of two columns, with the first 
containing the radius around the central point and the second containing the 
appropriate distances. Alternatively, it would be possible to obtain these data 
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from a monochromatic interferogram. It is not crucial at what points the values 
are given, because the calibration program will always interpolate them to a 
standardized scale. 
The program opens the TIFF image file indicated by input of a file name (see 
Figure  3-11), converts it to HSV color space and stores the hue channel in a 
separate variable. When reading out the wrapped phase map in polar 
coordinates, the angle does not run from zero to 360 degrees, but covers only 
sectors towards the corners (Figure  3-12). By doing so, the full range of 
measurable film thicknesses is likely to be covered also if the contact area is 
large compared to the total size of the image. 
 
  
Figure  3-11: Sample calibration 
image showing a Hertzian contact 
between a steel ball and a glass disc 
(Ø = 41.275 mm, FN = 10 N). 
Figure  3-12: H channel of the image 
(original wrapped phase map) with 
the sectors indicated that are used 
for calibration. 
 
The matrix obtained by applying the coordinate transform to the above-
mentioned sectors will generally look similar to Figure  3-13. The circular fringes 
become vertical stripes here. Small deviations from straight lines may be caused 
by imperfect roundness of the original fringes. This matrix is afterwards given as 
an input to the phase unwrapping algorithm, which operates on it from left to 
right. As can be seen from Figure  3-14, a considerable portion of the matrix rows 
is unwrapped improperly. A look at the wrapped phase map can explain these 
errors, as it shows that many fringes are either noise-contaminated or blurred. 
Another error is caused by a dark spot within the contact area. It probably 
originated from a scratch or a stain on the glass disc. To optimize the 
unwrapping result, the user can adjust the threshold value passed to the function 
several times. 
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A perfect result will often be impossible with actual interferograms. This is 
acceptable as long as an adequate number of matrix rows are unwrapped 
correctly, since the aim of the calibration procedure is only a one-dimensional 
function. It is obtained from the two-dimensional unwrapped phase map by 
removing all erroneous rows and computing the median of the remaining ones. 
This quality check is executed in two stages. First, the program itself eliminates 
the rows containing any Hu values that exceed those occurring in the central 
point of the contact (the first column of the transformed matrix) by a threshold 
value. Faultless rows must contain monotonically decreasing values, but small 
exceedance due to noise is permitted. The intermediate result for this example is 
shown in Figure  3-15. In the second stage, the rows of the remaining matrix are 
consecutively plotted on screen and the user is prompted to decide which of 
them to accept. Figure  3-16 demonstrates a possible result. All rows show a 
continuous gradient from light gray in the contact area to dark gray at a certain 
radius. The vertical white line marks this radius where the gap exceeds the 




Figure  3-13: Wrapped phase map 
after the coordinate transform 
described in  3.3.1. 
Figure  3-14: Unwrapped phase map 
containing errors. 
  
Figure  3-15: Unwrapped phase map 
after an automatic quality check, 
partially removing the badly 
unwrapped rows. 
Figure  3-16: Correctly unwrapped 
matrix rows after manual selection 
by the user. The vertical white line 
marks the end of the monotonic 
interval. 
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Only the values between the edge of the contact area (represented by the 
uniform gray zone on the left) and the end of the monotonic interval are useful 
for the calibration table. The radius of the edge is taken from the theoretically 
computed shape. The end of the monotonic interval is determined by the user in 
a plot, because the signal is not guaranteed to be noise-free and may still 
contain local extremes. The relevant sections of both the theoretical and the 
measured values are interpolated to a common radial scale, so that the 
corresponding gap and unwrapped hue values can be written into a table 
together. Since the program aims at finding the film thickness h as a function of 
Hu, the result is interpolated again in such a way that the Hu values are mapped 
onto a linear scale. 
The last interpolation step is not necessary, but is useful if the calibration table is 
presented as a diagram like in Figure  3-17. 
 





















Figure  3-17: Calibration table associating film thicknesses to unwrapped H 
values. The corresponding colors are shown in the color bar below (only 
hues, not considering possible variations of saturation and luminance). 
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A look at this displayed plot enables the user to verify the result and especially to 
check the covered measurement range. The calibration table can afterwards be 
saved to a Matlab® file or can be discarded to repeat the calibration procedure. 
3.3.4 Consideration on accuracy 
The resolution of the calibration table depends on the resolution of the given hue 
values. For a 24-bit color image, each channel (R, G, B or H, S, V) is 
represented by 8 bits and can thus adopt 255 discrete values. By phase 
unwrapping, which extends the width of the range of values from 1.0 to 
approximately 3.2, this number is extended to more than 800 values in the 
present example. They are distributed over a film thickness range of 0.7 μm. If 
the calibration function were assumed to be linear, the corresponding film 
thickness difference between two discriminable colors would be 0.7 μm/800 < 
1 nm. Theoretically, this value could even be improved by recording and 
processing images of a higher color depth (the present camera is capable of 
producing 10 bits per channel). However, the influence on the resolution by 
other factors is significantly higher. For example, the spatial resolution with 
which the interference pattern is recorded must be taken into account. The 
distance between two pixels in the image equals 1.18 μm here. The steepest 
slope of the steel ball’s contour used within the measurement range is about 
Δh/Δr ≈ 0.005. Thus the largest vertical distance between two points mapped to 
neighboring pixels will be 0.005×1.18 μm ≈ 6 nm. However, for some ranges of 
values, the resolution might also be limited due to the non-linear nature of the 
calibration function. Between 0.16 and 0.24 μm the curve is relatively steep, i.e. 
a small change of the hue value corresponds to a large film thickness difference 
(see Figure  3-17). This range is covered by roughly 20 discrete hue values, 
resulting in a resolution of about 4 nm. Furthermore, the shape of the Hertzian 
contact assumed for the calibration results from a theoretical model, whereas the 
real shape may deviate from the theory due to manufacturing inaccuracy and 
surface roughness. The surface roughness of the steel ball (mean-square-
roughness Rq) was given to be 8 nm here. Taking all these considerations into 
account, one can expect an uncertainty of measurement in the order of 10 nm. 
This assumption was tested by analyzing several interferograms of different 
Hertzian contacts by the processing program comparing calculated and 
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theoretical results. A mid-plane section through the theoretical and the measured 
shape is shown in Figure  3-18. 
 


































Figure  3-18: Above: comparison of the mid-plane profiles of a Hertzian 
contact (ball Ø = 41.275 mm, FN = 0.25 N, pmax = 71 N/mm2) obtained by 
image analysis and by theoretical calculation; below: difference between the 
measured and the theoretical clearance gap. 
 
The mean error over the whole area is 2.5 nm (including the contact zone, 
where both values are zero) with a standard deviation of 10.7 nm. Locally a 
maximum error of 25.3 nm occurred. Immediately around the contact area, the 
measured values show a steep step from zero to about 0.04 μm (the lower 
boundary of the measurement range), since the hue value hardly varies in this 
region. It should be noted that the very last value of the calibration table contains 
a film thickness of zero. Therefore this value can occur in the result, although it 
lies out of the actual measurement range. The values are relatively inaccurate 
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until 0.1 μm. Towards higher film thicknesses, the difference between the 
measurement and the calculation varies irregularly, but shows some radially 
symmetrical tendencies. This suggests that a good portion of the errors is 
already caused by deviations between the real and the theoretical shape used 
for calibration. 
The calibration images are recorded at atmospheric pressure (the area of 
interest is outside the Hertzian contact), whereas the pressure in the lubricant 
film of an EHL contact is much higher. Moreover, pressure varies considerably 
within the contact area, causing locally varying deviations of the measured film 
thickness. These errors can be dealt with if algorithms are employed that 
calculate the pressure distribution from the initially measured film thicknesses. In 
an iterative correction scheme film thickness and pressure can then be re-
determined until the procedure converges and further changes become 
insignificant. Such correction methods based on a pressure-density model and 
the Lorentz-Lorentz relation have been reported in  [61] and  [62]. In the present 
version of the program, which concentrates on film thickness determination 
itself, a refractive index correction is not implemented yet. 
In  [62], a change of the film thickness after several iterations of 6 % was 
reported for the area of the outlet constriction where the maximum pressure 
occurs. The parameters used are very similar to those adopted in the present 
work. Therefore the errors are assumed to lie in the same scale and thus also in 
the scale of the method’s uncertainty of measurement. 
The methodology developed needs still to be improved. However, despite its 
limitations, a necessary important first step for the comparison between steady 
state and transient conditions result is done. 
3.3.5 Example of white light program use 
To illustrate how the film thickness is obtained from an interferogram as provided 
by the camera, the main steps and intermediate results are described in the 
following. 
A sample white light interferogram has been selected that presents some light 
intensity differences for showing the capabilities of the program developed 
(Figure  3-19 a). After the image is provided as an input to the program together 
with the actual pixel dimension and the calibration table, a version of the image 
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with enhanced colors is created to facilitate the selection of the central point 






Figure  3-19: White light interferogram of an EHL point contact as recorded 
by the camera (a) and image with enhanced colors and circles displayed to 
facilitate the selection of the central point (b). 
 
After selecting the centre of the interferogram, phase unwrapping of the H 
channel is started with an initial threshold value; if results are unsatisfactory, 
different values can be chosen. Results obtained with an initial threshold value of 
0.25 and a successive value of 0.2 is shown in Figure  3-20. A good portion of the 
contact zone is reproduced well in Figure  3-20 a) besides the peaks visible near 
the edge of the processed area. In this region the dynamic range of the H signal 
is compressed too much to be unwrapped successfully. However, most of these 
points lie outside the measurement range anyway and would be excluded from 
further processing. A disturbing phenomenon can be observed looking at Figure 
 3-20 a), a gap appearing in one of the side lobes located close to the zone of 
minimum film thickness. Adjusting the unwrapping threshold can improve the 
result (Figure  3-20 b), but the error cannot be completely eliminated in this case. 
Thoroughly looking at the image, the reason becomes evident: Figure  3-19 b) 
shows that between the blue central zone and the green fringe, in the zone of 
minimum film thickness, there is a purple, a red and a yellow fringe. These 
fringes seem to be non-continuous at the inner edge of the lower side lobe. Here 
an almost direct transition from blue to green occurs. Thus there is no 
conspicuous discontinuity between the wrapped H values of neighboring pixels, 
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causing the unwrapping algorithm to fail. This localized absence of colors is 






Figure  3-20: Phase unwrapped H channel obtained using a threshold value 
of 0.25 (a) and of 0.2 (b). 
 
Before offering the option to use only the flawlessly unwrapped half of the 
results, the program asks the user to define up to what radius the data shall be 
used as input for film thickness calculation. This radius is chosen by mouse click 
in such a way that the largest possible area is covered without including points 
beyond the measuring range or distortions caused by failed phase unwrapping 
(Figure  3-21). Similar to the selection of the central point, the choice is shown as 
a circle in the image. The last user input before actually determining film 
thicknesses is a mouse click on the point where minimum film thickness is 
assumed to be. Since the film thickness in the calibration table is a strictly 
monotonic function of the unwrapped hue value, this decision can already be 
taken before any film thicknesses are known. 
After adding a spherical shape around the utilized area and filtering the result to 
reduce noise, the decision to use only one half of the film thickness map can be 
taken. 
 




Figure  3-21: Selection of the useful area (black circle) and the point of 
minimum film thickness (cross point). 
 
a) 











































Figure  3-22: 3-D surface plot of the film thickness (a) and mid-plane sections 
along the x axis (entraining direction) (b) and the y axis (perpendicular to the 
entraining direction) (c). 
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Finally a 3D surface plot of the whole film thickness matrix (Figure  3-22 a) and 
two 2D plots of perpendicular sections through the central point are created 
(Figure  3-22 b and c) (the ripple in the central region could be related to the 
filtering level chosen for this example). This allows the user to check if the 
results are plausible by comparing also with a theoretical indication output 
obtained using standard EHL film thickness formulas as reported in Halling  [40] 
or Hamrock  [41]. In this example one half of the contact has been used. Finally 
the result file and the plots will be saved. 
3.3.6 Concluding remarks 
Software to determine film thickness maps of EHL point contacts from white light 
interferograms has been developed. It is based on the analysis of the hue 
channel of interferogram images represented in HSV color space. The software 
consists of two subprograms implemented in the Matlab® environment. One 
program serves to construct calibration tables by comparing interferograms of 
Hertzian contacts to a theoretically computed shape. The other analyzes 
interferograms of EHL contacts, using such calibration tables. Both programs 
employ a phase unwrapping algorithm in order to obtain a unique correlation 
between color information and film thickness. Several algorithms to unwrap 
signals found in literature were tested. Finally, a custom solution, which 
combines a classical integration approach for the phase derivative with a 
coordinate transformation, was implemented. 
Experiments under transient conditions, where the interferograms must be 
recorded in time intervals of a few milliseconds, result in a large number of 
images. With the present image analysis program, such image series can be 
processed comparatively easily and fast. Single interferograms obtained under 
steady state conditions can of course be analyzed as well. 
The measurement range is currently limited to film thicknesses between about 
0.04 μm and 0.7 μm and could only be significantly extended by using 
trichromatic instead of white light. 
 



























Figure  3-23: Interferogram 
showing a scratch that 
crosses the contact zone. 
Figure  3-24: Film thickness along the section 
marked with the dashed line in Figure  3-23. 
 
On interferograms showing a scratch in the specimen, it could be verified that 
the image analysis program permits measurements also on contacts with rough 
surfaces. Experiments focused on the analysis of rough contacts had not been 
explicitly planned. However, a test with a surface of a specimen which sustained 
a shallow scratch due to an abrupt stoppage was done. This scratch, which 
affected only a very small part of the ball’s circumference, was visible in a small 
portion of the interferograms recorded afterwards (e.g. that shown in Figure 
 3-23). In Figure  3-24, a mid-plane profile intersecting the scratch is shown. Its 
depth is about 30 nm.  
A bulging is visible next to one edge of the scratch. This might either be an 
elastic deformation due to the high pressure or a plastic deformation created 
together with the scratch. Without well-defined roughness informations reliable 
conclusions cannot be drawn. However, these interferograms showed that the 
program, other than the previous ones, is basically capable of analyzing the 
shape of rough contacts. 
To obtain flawless results, the quality of the images is important, and possibilities 
to enhance it should be tackled in the future. A solution that ensures a 
homogeneous illumination of the images would be desirable. It should be 
studied to what extent e.g. a different microscope could improve this situation. 
However, there are also factors independent of the optical setups that reduce 
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image quality, such as cavitations. To increase the chance of analyzing also 
corrupted image regions successfully, a more sophisticated phase unwrapping 
algorithm would be necessary. 
Other possible further developments might include an approximate refractive 
index correction based on a Hertzian pressure profile, an enhanced graphical 
user interface, and adaptations for non-circular contacts. 
3.4 Monochromatic light image processing 
Depending on test conditions an anomalous effect, the so called temperature 
viscosity wedge action develops and will be explained later  [38]. This thermal 
effect results in a deep deformation in the central part of the EHL contact and is 
often referred to as dimple. During investigations on the temperature viscosity 
wedge action, the film thicknesses were partly out of the measurement range of 
white light interferometry. Therefore, under these circumstances monochromatic 
interferometry has been chosen to measure the film thickness. 
Previous existing programs for the analysis of monochromatic interferograms 
could not treat the additional deformation in the central region of an EHL contact, 
whereas the new program for white light image analysis was limited to a 
measurement range of maximum 0.7 μm. For this reason, another program only 
capable of calculating the one-dimensional mid-plane profile of the film thickness 
along the rolling direction was developed. In exchange, compared to the 
previous two-dimensional monochromatic programs  [16], [80], this program can 
handle interferograms properly also if there is a dimple in the central zone of the 
contact. 
The program adapts the fringe-counting method for monochromatic 
interferograms. It determines the film thicknesses by finding the positions of 
bright and dark fringes. The film thickness difference between two neighboring 
fringes is always the same if the refractive index is considered to be constant. 
3.4.1 Example of monochromatic light program use 
As an input the program needs a monochromatic interferogram converted into 
grayscale. In addition, the minimum film thickness value in the mid-plane film 
profile needs to be given. This value can be calculated or estimated by using a 
color calibration table and a corresponding color interferogram. Furthermore, the 
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wavelength λ0 of the monochromatic filter, the index of refraction (depending on 
the lubricant used) and the lengths of one pixel need to be known. After 
launching the program, the picture of the interferogram will appear as shown in 




Figure  3-25: Monochromatic interferogram: selection of the mid-plane line for 
film profile analysis. 
 
Next, the original intensity values (black line) and the values after using a 
function (detrend), which corrects the inclination of the original signal (red line) 
are shown (Figure  3-26). For the fringe counting method in monochromatic 
interferograms only the position of the intensity extremes is of importance. 
Therefore, for convenience reason, the not inclined signal (red line) is chosen for 
further processing. The inclination of the original signal is due to the non-uniform 
light intensity caused by the optical system. This can be seen in Figure  3-25, 
where the upper right is more illuminated than the lower left. 
In Figure  3-26, each minimum and maximum of the intensity signal corresponds 
to an interferogram fringe. However, noise caused for example by the camera 
itself, the light source, the optical system, or surface roughness deteriorates the 
signal (see fluctuations). 
Consequently, during the fringe counting process also small perturbations would 
be interpret as additional fringes. Therefore a FFT high pass filter process must 
be applied. The amplitude spectrum of the signal shown in Figure  3-26 is given 
in Figure  3-27. 
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Figure  3-26: Intensity values for the mid-plane film profile. 
 
A cutting frequency between 30 to 40Hz gave good results. The signal after 
applying the FFT filter is shown in Figure  3-28. 
 












Amplitude spectrum of the signal
f [Hz]  
Figure  3-27: Amplitude spectrum of the signal for the mid-plane film profile. 
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Figure  3-28: Signal of the mid-plane film profile after FFT-filtering. 
 
Most of the fluctuations disappeared. Only some fluctuations in the central zone 
remained. This zone, however, will be treated differently by the program 
depending on the ‘inversion points’ chosen as described below. Only the 
position and the number of extremes are important for the calculation of the mid-
plane film thickness. Defining i as the running number of the fringes, λ0 as the 
wave length of the monochromatic filter and n as the refraction index of the 






λ= + × ×  (  3-4 ) 
 
where hmin will be the minimum film thickness at the mid-plane film profile. After 
allocating the value h to every position of i a film profile can be created. 
However, the equation given above does not specify if the film thickness in an 
EHL contact increases or decreases. Therefore ‘inversion points’ between 
different zones must be specified by the user. (For reason of convenience, even 
if not all points are exactly ‘inversion points’ the same definition is still used.) The 
central zone is always represented by a horizontal line, except if a dimple is 
present. This case must be treated separately. 
 







Figure  3-29: Examples for the mid-plane film profile with (a) and without 
dimple (b) and corresponding inversion points indicated by arrows (x-axis 
[mm]; y-axis h [micron]). 
 
The total number of ‘inversion points’ changes depending if the dimple 
phenomenon is present or absent. Three ‘inversion points’ are defined for a 
‘classical EHL interferogram’ (no dimple), whereas four points are necessary if 
an interferogram with a dimple is analyzed. The first ‘inversion point’ is always 
the point of minimum film thickness at the mid-plane profile. 
In Figure  3-29 the ‘inversion points’ for the construction of the mid-plane film 
thickness profile are shown. The film profile is divided into five zones for 
interferograms with dimple and into four zones for interferograms without any 
dimple. As can be seen, the region selected as central zone (region between 
points 3 and 4 in Figure  3-29 on the left or region between points 2 and 3 in 
Figure  3-29 on the right) is always treated as constant, even if small fluctuations 
are still present (see Figure  3-28). Before selecting the ‘inversion points’, the 
user has to decide if three points (‘classical EHL interferogram’) or four points 
(interferograms with dimple) are necessary. The selection of the correct 
‘inversion points’ needs some practice. Nevertheless, it should not lead to big 
problems as it can be seen in Figure  3-30, showing the interferogram and the 
corresponding mid-plane intensity values for a ‘classical EHL interferogram’. 
 




Figure  3-30: Selection of the correct ‘inversion points’. 
 
In Figure  3-30, the black arrows show the exemplary position of the first 
‘inversion point’. The highlighted points (green points) indicate all extremes of 
the intensity signal plotted over the corresponding pixel numbers. By zooming 
into this figure, one can select the pixel number for each ‘inversion point’. The 
pixel number must be given to the Matlab® program. 
After choosing, all ‘inversion points’ (3 or 4) in the way described above, the final 
film profile will be plotted as shown in Figure  3-31. 
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Figure  3-31: Final result of mid-plane film profile. 
 
3.4.2 Concluding remarks 
A program which analyzes the mid-plane film profile of monochromatic 
interferograms was developed. The monochromatic image processing program 
is relatively simple. Due to the limitations of monochromatic light (see section 
 3.2.1) the program is less accurate than the white light image processing 
program described in section  3.3. 
In Figure  3-31 it can be seen that, the fringe counting approach results in 
discrete film thickness values with a uniform step size. The resolution depends 
mainly on the monochromatic filter used. Here, a green filter with a wave length 
of λ0 = 545 nm results in a resolution of Δh ≈ 90 nm. 
Other deformations due to transient effects, such as an inclination of the central 
zone due to squeeze effects, cannot be detected (with the existing test rig setup, 
the application field of monochromatic interferometry is anyway largely limited to 
steady state experiments as explained in  3.2.1). 
Even if the monochromatic program can analyze only the mid-plane film 
thickness, it is easy to use and very robust. Furthermore, compared to the 
previous monochromatic programs, it can analyze also for dimples and offers a 
larger measurement range than the new white light program. Therefore the two 
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programs explained in this chapter should be seen as complementary tools for 
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CHAPTER 4        
         
           
EXPERIMENTAL RESULTS AND DISCUSSION 
 
 
In this chapter some significant experimental results obtained with the DIMNP 
test rig will be presented. The results, e.g. the film thicknesses and the friction 
coefficients have been analyzed with the methodology described before. 
As mentioned in section  1.3 and  1.4, experimental investigations under transient 
conditions focused so far mostly on pure rolling conditions, whereas sliding 
effects are mostly investigated under steady state conditions. 
This experimental investigation would like to address how sliding combined with 
a change in velocity will affect the film thickness, shape and friction coefficient in 
EHL contacts. In order to distinguish between thermal and transient effects, 
both, the friction coefficient trends as well as the film thicknesses have been 
analyzed first for steady state and then for transient conditions. 
4.1 Experimental conditions 
The experimental test rig for lubricated contacts at the DIMNP has been already 
described in section  2.1. If not explicitly stated otherwise, the following test 
conditions can be assumed. 
 
For the investigations presented here, basically two different spherical 
specimens have been used. They will be referred to as: 
 
S1 – AISI52100 steel ball (Rq=0.007 µm), diameter D=10.319 mm 
S4 – AISI52100 steel ball (Rq=0.08 µm), diameter D=41.275 mm 
 
The steel balls have been loaded against a glass disc (Rq=0.01 µm) or 
alternatively a steel disc (Rq=0.13 µm). Different slide-to-roll ratios S and 
entraining velocities ue have been tested (see Eq. (  2-1 ) and (  2-2 )). 
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An oil stream is directly injected near the contact area which ensures fully 
flooded conditions and also a fast heat exchange. The actual oil temperature is 
measured by thermocouples located close to the inlet and outlet of the EHL 
contact. The oil temperature has been kept constant during all tests at T≈12°C. 
The S1 specimen has been pressed with a force of F=15 N (Hertzian pressure 
pHz=0.7 GPa) and the S4 specimen with F=31 N (pHz=0.38 GPa) against the 
disc. 
A paraffin base mineral oil (SN500) has been used, whose dynamic viscosity, 
pressure viscosity index and density are η0=0.497 Pa·s, α=2.87 10-8 Pa-1 and 
ρ0=892 kg/m3 at test temperature and atmospheric pressure. The thermal 
conductivity and specific heat of the oil are 0.137 W/mK and 1934 J/kgK  [58]. 
The contact solids have the following thermal properties: 
 
Thermal conductivity: glass 0.78 W/mK, steel 46 W/mK, 
Specific heat: glass 840 J/kg K, steel 470 J/kg K. 
 
A refractive index of about 1.49 is assumed for the lubricant. Due to the 
kinematic limitations of the test rig (maximum rotation of the shaft, heating, 
vibration and inertia problems) different entraining speeds have been used for 
different test specimens. 
First, tests have been carried out under steady state conditions, for different S 
and ue ranging from: 
 
S1 – ue=0.025 to ue=0.25 m/s, S=0, ±0.8 and ±1.8 
S4 – ue=0.05 to ue=0.45 m/s, S=0, ±0.25, ±1 and ±1.75 
 
Second, to create transient conditions, the entraining velocity was varied with a 
sinusoidal law between: 
 
S1 – umin=0.04 m/s and umax=0.225 m/s 
S4 – umin=0.05 m/s and umax=0.3 m/s 
 
The tests have been carried out for two frequencies of 0.25 Hz and 1 Hz. 
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Due to the fact that the quantity of results obtained is very big, only some 
significant results are discussed. 
4.2 Film thickness investigations 
According to the basic EHL theory developed by researchers like Grubin and 
Vinogradova  [34], Dowson and Higginson  [26] and Gohar and Cameron  [36], the 
film thickness and shape is mainly determined by the conditions at the entrance 
to the contact, and is unaffected by the sliding velocity. 
However, authors like Kaneta and Yang  [56], Guo and Wong  [38] have pointed 
out through experimental and numerical analyses that the film thickness and 
shape depend markedly on the surface kinematics conditions and the thermal 
properties of the contacting materials. They have verified that the so-called 
thermal mechanism, the temperature-viscosity wedge action, can influence a lot 
the film thickness and shape in a point contact if the thermal conductivity of the 
contacting materials is different. In addition, there is also an increase in oil 
temperature at the entrance of the contact due to the heat produced by the 
compression work and the shearing of the oil. The degree of both effects 
depends on the thermal properties of the contacting materials and the lubricant. 
4.2.1 Film thickness results under steady state conditions 
Figure  4-1 and Figure  4-2 show snapshots of representative monochromatic 
interferograms and the corresponding mid-plane film profiles along the 
entraining direction for ue=0.3 m/s and 0.4 m/s obtained with the S4 specimen 
and analyzed with the program described in section  3.4. The inlet is on the right 
hand side. In the mid-plane profile diagrams are also shown the values of the 
effective minimum film thickness hmin. The values of hmin measured for S=0 
correspond well with values calculated by standard EHL point contact film 
thickness formulas (see  [41]). 
 








Figure  4-2: Interferograms and mid-plane film profiles: ue=0.4 m/s, 
pHz=0.38 GPa. 
 
For all test conditions a slide-to-roll-ratio S<0 signifies, that the disc is moving 
faster than the steel ball and vice versa, S>0 signifies, that the disc is moving 
slower than the steel ball. As it can be seen in both figures, in cases where S is 
negative, a shallow dimple appears just before the horseshoe shaped 
constriction. For S>0 dimples do not occur. The formation of such dimples is 
caused by the temperature viscosity wedge effect as found in  [38] and  [100]. 
Yang and Kaneta  [56] reported also that, as the absolute value of S increases, 
overall temperature increases since the viscous work increases. Moreover, for 
the same value of |S|, the value of maximum pressure is larger when S<0 than 
when S>0. Thus, as a consequence of the pressure increase, the dimple is 
formed. Furthermore, they found that the position of the minimum film thickness 
is generally located in the side-lobes of the horse shoe shaped constriction when 
S>0 and moves to the back of the constriction when S<0. 
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A similar behavior is found as can be seen looking at Figure  4-2 from (e) to (a). 
The position of the minimum film thickness is located in the side lobes of the 
horseshoe shaped constriction in Figure  4-2 (c-e) (when S>0). With decreasing 
S (e.g. Figure  4-2 (a)) the location of the minimum film thickness moves from the 
side lobes to the back of the horseshoe shaped constriction. The mid-plane film 
profiles show also that the minimum film thickness has the highest value when 
S=0 and is lower when S<0 (ud>us) than when S>0 (ud<us). However, the effect 
is smaller than reported in  [38],  [56] and  [100]. This could be explained by the 
fact that, the oil viscosity (η0=0.497 Pa·s) and the pressure viscosity index 
(α=2.87 10-8 Pa-1) are lower compared to the aforementioned works. Also the 
maximum slide-to-roll-ratio of S=|1.75| is smaller compared to  [38], [56], [100], 
where values of S≥2 are reported. 
Altogether, due to different thermal conductivities of the contacting bodies, for 
S<0 the film distribution is influenced by the temperature viscosity wedge action 
within the contact. 
The temperature viscosity wedge effect is caused by the variation of the 
temperature distribution across the oil film along the oil entrainment direction. 
Since the thermal conductivity of glass is much smaller than that of steel, the 
temperature on the glass disc surface must always be higher than that on the 
ball surface. Consequently, the oil near the disc surface must have a lower 
viscosity than that near the ball surface. In the case of S<0 (disc faster), within 
the conjunction, the flow of low-viscosity oil driven by the disc surface is resisted 
strongly by the high-viscosity oil near the ball surface. The gap between the disc 
surface and the high-viscosity oil layer acts like a wedge and thus a dimple is 
formed. However, if S>0 (ball faster) the resistance from the low-viscosity oil to 
the flow of the high-viscosity oil is weak, hence no dimple is formed. 
 
Using the specimen S1, having a smaller radius of curvature (R=5.16 mm) and 
consequently a higher Hertzian pressure (pHz=0.7 GPa) at similar experimental 
conditions, the temperature viscosity wedge effect is less pronounced. However, 
in Figure  4-3 and Figure  4-4 it can be seen that considerable differences in film 
thickness and shape occur for different S. 
 




Figure  4-3: White light interferograms obtained under steady state conditions 
with the S1 specimen. 
 
For very low entraining velocities the interferograms are very similar in color, 
independent on the slide-to-roll ratio. The horseshoe shaped constriction at the 
outlet zone, which contains also the minimum film thickness, is very small and 
thus the color perception is close to the central film thickness. With higher 
entraining velocities, however, the difference in color of the horseshoe shaped 
constriction and the central film thickness part is evident. Also a clear difference 
can be seen between pure rolling conditions (S=0) and rolling-sliding conditions 
at different S. 
At the highest entraining velocity and slide-to-roll ratio also a difference in color 
is evident between S=-1.8 and S=+1.8. These qualitative observations should be 
quantitatively evident in the film thickness results after analyzing the 
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interferograms by the automatic image processing program described in section 
 3.3. 
In Figure  4-4 and Figure  4-5 the central film thickness for different S are shown. 
 


















































Figure  4-4: Central film thickness hcen as a function of speed under steady state 
conditions for S<0 (a) and S>0 (b) (S1 specimen). 
 





















Figure  4-5: Central film thickness as a function of S for different velocities 
(S1 specimen). 
 
Figure  4-4 shows the central film thickness over the entraining velocity for 
negative and positive S. Especially at higher velocities it can be seen that the 
central film thickness hcen is a little bit higher for negative S than for positive S. 
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Similar to the results explained before (specimen S4), the highest film thickness 
values are always found under pure rolling conditions (S=0), as shown in Figure 
 4-5, where the central film thickness is given as a function of S for four different 
entraining velocities. 
For small S (up to 0.8) the film thickness changes only a little, whereas for 
higher S the film thickness reduces around 20-30% compared to pure rolling 
conditions. It appears that the film thickness diminishes more for positive S. A 
kind of asymmetry can be seen between negative and positive S. These effects 
diminish with low entraining velocities (see curve d in Figure  4-5). In Smeeth et. 
al.  [79] a similar behavior was found. 
4.2.2 Film thickness results under transient conditions 
Next the measured film thicknesses under sinusoidal varying speed are 
presented. A plot of the film thickness over the velocity at 1 Hz and S=0 is 
shown in Figure  4-6 a). The corresponding central film thickness under steady 
state conditions is plotted as a single line. 
 












































Figure  4-6: Film thickness for pure rolling conditions. hcen for 1 Hz and steady 
state conditions (single line) (a); hcen (thick lines) and hmin (thin lines) for 
0.25 Hz (dashed lines) and 1 Hz (solid lines) (b). (S1 specimen) 
 
In Figure  4-6 b) and Figure  4-7 are plotted the central and minimum film 
thicknesses for both test frequencies and different values of S. Only the 
interpolations of the measured points are shown for reason of clarity. 
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The gross lines refer to the central film thicknesses and the thin lines to the 
minimum film thicknesses. Furthermore the solid lines refer to the film 
thicknesses obtained at test frequency of 1 Hz and the dashed lines to the test 
frequency of 0.25 Hz. The arrows show the direction of the entraining speed; this 
means that higher film thicknesses correspond to decelerating speed and lower 
film thicknesses to accelerating speed. In fact, as will be shown later, when 
looking at the friction loops under transient conditions, one will see that a higher 
friction coefficient corresponds to a lower film thickness and vice versa a lower 
friction coefficient corresponds to a higher film thickness. 
 
































































































Figure  4-7: Central (thick lines) and minimum (thin lines) film thickness for 
0.25 Hz (dashed lines) and 1 Hz (solid lines) for negative and positive values of 
S: S=-1.8 (a), S=-0.8 (b), S=+1.8 (c) and S=+0.8 (d). 
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In Figure  4-6 and Figure  4-7 several effects due to transient conditions and 
sliding (thermal effects) are coming together. Looking first to the diagrams of 
Figure  4-6 for pure rolling conditions, the influence of thermal effects due to 
sliding should be negligible (100% pure rolling condition will be reached only in 
theory). As it can be seen, for the test frequency of 1 Hz (solid lines) the film 
thickness loops are bigger than for 0.25 Hz (dashed lines). Such effects were 
also found in  [83]. This can be explained by squeeze film effects, since the fluid 
needs time to enter and escape the contact zone while speed is continuously 
changing. Both, the central and minimum film thickness are higher for 
decreasing velocity than under steady state conditions, while they are lower for 
increasing velocity. Due to the higher accelerations, this effect is more distinct for 
the test frequency of 1 Hz than for 0.25 Hz. At 1 Hz this hysteresis behavior is so 
strong that the extreme values (maximum and minimum) of the film thicknesses 
do not coincide with the extremes of the entraining velocity. Instead, film 
thicknesses continue to increase while velocity is already decreasing and reach 
their maximum only a few measuring points later. When the entraining velocity 
passes its minimum, the same behavior can be observed correspondingly. 
Furthermore it seems that thermal effects may have also some influence on the 
film thickness loop formations. Looking on Figure  4-7, with increasing S the 
effect of squeeze diminishes. For S=+1.8 and 1 Hz the film thickness loops are 
smaller than the ones at S=+0.8 and have nearly the same size like the loops for 
0.25 Hz. At a test frequency of 0.25 Hz the decrease of the squeeze effect is 
less pronounced because the squeeze effect is already much smaller compared 
to 1 Hz. Comparing S=-1.8 at 1 Hz with S=+1.8 a significant difference is found. 
For S=-1.8 and 1 Hz a bigger film thickness loop is still evident. 
 
Plotting the same transient film thicknesses shown in Figure  4-7 over the slide-
to-roll ratio, similar effects to the ones found under steady state conditions 
(Figure  4-5) can be recognized. 
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Figure  4-8: Central film thickness hcen over time compared to the entraining 
velocity for 0.25 Hz; S=-1.8 (a), S=0 (b) and S=+1.8 (c). 
 
In Figure  4-8 and Figure  4-9 it can be seen that, independently on the test 
frequency the highest film thicknesses are reached for pure rolling (S=0) 
whereas for high |S| the film thicknesses are lower. In addition, also under 
transient conditions an asymmetry is found by means of lower film thickness 











































































Figure  4-9: Central film thickness hcen over time compared to the entraining 
velocity for 1 Hz; S=-1.8 (a), S=0 (b) and S=+1.8 (c). 
 
Also the shift between the central film thickness and the corresponding velocity 
is evident. To sum up, the film thickness results are showing clearly a 
dependency on the slide-to-roll ratio. This will be further discussed in the next 
sections. 
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4.3 Friction coefficient results 
In the previous section it was found that, for both, the S4 and the S1 specimen, 
the slide-to-roll-ratio has a significant influence on film thickness under steady 
state as well as transient conditions. For S4 a clear dimple occurred due to the 
temperature viscosity wedge action. A similar film thickness behavior is found for 
the S1 specimen even though deep dimples are absent. In  [100] a possible 
explanation is given why at the same speed conditions the dimples are less 
developed for specimen S1 compared to specimen S4. It was found that the 
development of dimples occurs easier at lower entrainment speeds whenever 
lower loads are used. The specimen S4, having a bigger radius of curvature was 
running at lower load condition (by means of a lower Hertzian pressure). 
As reported in  [67], higher load conditions increase the maximal contact center 
temperatures. This fact might help in explaining the following friction coefficient 
trends. 
As already stated by researchers like Kaneta et al.  [56] the temperature viscosity 
wedge action occurs only if there is a significant difference in the thermal 
properties of the contacting surfaces. Therefore, this thermal phenomenon will 
hardly occur in cases where the contacting surfaces are composed of the same 
material. Since the film thickness cannot be measured by optical interferometry 
in a steel-on-steel contact, analyzing and comparing friction coefficients for 
steel-on-steel and glass-on-steel contacts may lead to similar conclusions like 
the ones reported in  [56]. 
 
Prior to presenting some friction curves, the reader should know that, the correct 
interpretation of friction coefficient results is relatively complicated compared to 
film thickness results. This is, because the friction force gives only indirect 
information on the lubrication state, whereas after a correct calibration, the film 
thickness can be directly estimated up to the measurement error which depends 
on the method used as explained before. In addition, friction force values can be 
strongly influenced by the kinematic conditions, vibrations (especially under 
transient conditions), or roughness. 
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4.3.1 Friction coefficient results under steady state conditions 
As shown in Figure  4-10, for a steel-on-steel contact, independently if S is 
positive or negative, for the same slide-to-roll-ratios the curve progressions are 
similar. 
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   b) 
Figure  4-10: Friction coefficients for a steel-on-steel contact (S4, 
pHz=0.38 GPa); a) S<0, b) S>0. 
 
This can be explained by the same thermal properties of the contacting 
materials. The two vertical lines reported on the diagrams correspond to the 
Chapter 4                             Experimental results and discussion 
 
 85 
“lambda ratio” values of Λ=1 and Λ=3. The lambda ratio is the ratio between the 
lubricant minimum film thickness hmin and the equivalent root mean square 
roughness of the two bodies in contact. Λ=1-2 corresponds to mixed lubrication, 
Λ>2-3 to full fluid conditions. The values of Λ have been calculated using the 
out-of-contact equivalent roughness and the minimum film thickness at S=0. In 
literature it is often discussed whether it is better to use the minimum film 
thickness or the central film thickness, which represents the bigger contact zone, 
to calculate lambda. In this work the minimum film thickness was chosen to have 
a worst-case estimation. The film thickness has been calculated using standard 
EHL formulae  [41] or if possible was measured by optical interferometry (only for 
glass-on-steel contacts). 
Small differences between friction coefficients for S>0 and S<0 (in Figure  4-10) 
can be also caused by vibrations, especially at higher entraining velocities. 
In Figure  4-11, similar to the film thickness differences reported before; when 
using different contacting materials as a glass-on-steel contact some significant 
differences occur for negative and positive S. For negative high S, the friction 
coefficient curve for S=-1.75 decreases faster than for positive S. An intersection 
occurs between the curves for S=-1.75 and S=-1 whereas for positive S the 
curves are separated. This is caused by different thermal effects, and will be 
explained further in the next section. In addition, for low values of S (see 
S=|0.25|) the friction coefficient increases until ue=0.2 m/s and then decreases. 
The low slide-to-roll-ratio S=|0.25|, compared to the other values of S, is close to 
the pure rolling case. Thus, the shear rate of the oil is less than that for high 
values of S. Furthermore, the roughness of the glass-disc (Rq=0.01 µm) is lower 
than that of the steel disc (Rq=0.13 µm). Therefore fully flooded conditions are 
reached already for slow entraining velocities, as indicated by Λ in Figure  4-11. 
In other words, until ue=0.2 m/s the increase in hydrodynamic friction is caused 
by the increase of the shear rate within the oil. With increasing velocity this effect 
is overcome by the increase of the temperature in the contact which leads to 
lower viscosity and hence to lower friction coefficients. In fact, for the supplying 
oil temperature used, only a small change of it could reduce the viscosity 
significantly. 
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   b) 
Figure  4-11: Friction coefficients for a glass-on-steel contact (S4, 
pHz=0.38 GPa); a) S<0, b) S>0. 
 
For the steel-on-steel contact, however, the effect of asperities due to higher 
surface roughness (mixed lubrication) leads to the typical higher friction 
coefficient for low entraining velocities. The author needs to mention that friction 
coefficient curves obtained for different slide-to-roll-ratios between S=0.25 and 
S=1 confirm this behavior. As shown in Figure  4-12, with increasing |S| the 
shape of the curves are tending from the “S=|0.25|-case” to the “S=|1.75|-case”. 
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   b) 
Figure  4-12: Friction coefficients for a glass-on-steel contact for intermediate 
S values (S4, pHz=0.38 GPa); a) S<0, b) S>0. 
 
Using different steel balls, the same thermal effects as explained before and 
shown in Figure  4-11 have been found. Figure  4-13 shows the friction coefficient 
trends for a steel ball with a diameter of 15,081 mm (S2 specimen) for two 
extreme slide-to-roll ratios. A very similar behavior is shown in Figure  4-14 for 
the S1 specimen. 
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   b) 
Figure  4-13: Friction coefficients for a glass-on-steel contact (S2 – 
D=15.081 mm, pHz=0.6 GPa); a) S<0, b) S>0. 
 
In Figure  4-14, for high negative S an intersection occurs between the friction 
coefficient trends. For positive S in contrast, at higher speed conditions, the 
curves are falling together. 
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   b) 
Figure  4-14: Friction coefficients for a glass-on-steel contact (S1, 
pHz=0.7 GPa); a) S<0, b) S>0. 
 
4.3.2 Friction coefficient results under transient conditions 
In Figure  4-15 are shown, for a steel-on-steel contact, friction curves obtained 
under transient conditions that correspond to the steady state curves shown in 
Figure  4-10. Under transient conditions, similar to the film thickness results, the 
friction coefficient trends are superimposed by “squeeze-effects”, which means a 
friction loop develops instead of a single line. As expected, the size of the loops 
grows with increasing test frequency. 

































































Figure  4-15: Friction coefficients for a steel-on-steel contact under transient 
conditions, (S4, pHz=0.38GPa, top: 0.25 Hz, bottom: 1 Hz), -- decelerating, - 
accelerating. 
 
The solid lines in Figure  4-15 represent the friction coefficient values under 
accelerating conditions and the dashed lines under decelerating conditions. 
Again, independently if S>0 or S<0 the friction coefficient trends are very similar. 
There are some quantitative differences. As also shown in Figure  4-10, for 
negative S and higher speeds the friction coefficients are slightly higher and 
closer together for different S. These differences are believed to be caused by 
the kinematic conditions and the methodology used in analyzing the friction data. 
The load cell is indirectly connected to the rotating shaft which supports the steel 
ball. Therefore depending on S the shaft has different rotating speeds. This may 
have a certain influence on the friction coefficient results. Nevertheless, for a 
steel-on-steel contact the friction coefficient trends are very similar for constant 
|S|. 
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In Figure  4-16 are shown the transient friction coefficients for a glass-on-steel 
































































Figure  4-16: Friction coefficients for a glass-on-steel contact under transient 
conditions, (S4, pHz=0.38GPa, top: 0.25 Hz, bottom: 1 Hz), -- decelerating, - 
accelerating. 
 
Similar friction curves have been found for the smaller specimen S1 illustrated in 
Figure  4-17 (the corresponding steady state results are shown in Figure  4-14). 
All told, when having a glass-on-steel contact, under transient conditions the 
thermal effects are the same as found under steady state conditions (e.g. 
intersection of the friction coefficient trends for negative S). Again, similar to the 
film thickness results, the thermal effects are superimposed by transient effects 
(occurrence of friction coefficient loops). 
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Figure  4-17: Friction coefficients for a glass-on-steel contact under transient 
conditions, (S1, pHz=0.7GPa, top: 0.25 Hz, bottom: 1 Hz), -- decelerating, - 
accelerating. 
 
Furthermore, transient effects are evidently more pronounced at higher test 
frequencies. Attention should be paid to the fact that for specimen S1 the 
measurement range of the velocity (umin=0.055 m/s, umax=0.225 m/s) is slightly 
different compared to steady state experiments. Nevertheless, for the 
corresponding velocities, the same effects as presented in Figure  4-14 are 
found. 
All told, on the one hand, in a glass-on-steel contact a similar behavior is found, 
by means of similar differences in friction coefficient trends for different |S|. This 
is confirmed for three different steel balls of different diameter. On the other 
hand, in a steel-on-steel contact similar friction coefficient trends occur for 
different |S|. This leads to an apparent assumption that the friction coefficient, 
similar to the film thickness, is influenced by the slide-to-roll ratio and the 
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properties of the contacting materials. It indicates indirectly that, the same film 
thickness can be assumed for different |S| if both contacting surfaces are 
composed of the same material, whereas differences in the film thickness occur 
for contacting surfaces of different material, as shown in section  4.2. 
In some other works, as for example reported in Ohno  [69], when measuring the 
friction force values for a glass-on-steel contact at different |S|, an average value 
was taken. The results presented above show that this could be incorrect. 
4.4 Discussion 
Following some further explanations for the findings presented above will be 
given. The asymmetry in film thicknesses depending on S, the significant 
difference in the friction coefficient trends for different |S|, or the occurrence of 
friction and film thickness loops, cannot be explained by a single universal 
phenomenon. Thermal and transient effects are acting contemporaneously. 
4.4.1 Film thicknesses 
Different explanations for the general decrease in film thickness with |S| and/or 
the asymmetry in the film thickness plots over S (for example in Figure  4-5) are 
often reported and treated separately in literature. 
In general it is possible to distinguish between thermal effects outside the 
contact and within the contact, whereas the effects within the contact could be 
more responsible for the asymmetry in the film thickness values for different |S|. 
One thermal effect outside the contact is the inlet heating. In Wilson  [96] a 
thermal correction factor is proposed. 
 






κ=  (  4-1 ) 
 
where β is the temperature viscosity coefficient and κ the thermal conductivity. If 
L<0.1 then thermal effects are said to be negligible. For the test conditions 
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applied to specimen S1 and an entraining velocity of about ue=0.25 m/s a 
loading parameter of L=0.018 was calculated. Thus the effect of inlet heating 
should be very small. Nevertheless, applying the correction factor defined by 
Wilson  [96], also for small L a significant reduction in the film thickness was 
calculated for high |S|, albeit less than the measured one. However, this 
correction factor cannot explain the asymmetry. 
Some explanations are given in Smeeth  [79] for the decrease and also the 
asymmetry in film thickness at high |S|, although some phenomena are not fully 
clear. Bulk heating of the steel ball is greater when it slides faster than the disc, 
i.e. for S>0. Furthermore, as also reported in  [52] and  [99], when S<0, the speed 
of the surface with the smaller thermal effusivity (glass) is higher than that with 
the greater thermal effusivity (steel). When S>0, the speed of the surface with 
the greater thermal effusivity (steel) is higher than that with the smaller thermal 
effusivity (glass). Thus, the heat transfer conditions are not symmetrical although 
the speed conditions are. In  [79] also the development of a slip plan within the 
contact is reported. The slip plane divides the lubricant film into two layers. The 
position of the slip plane, which defines the decrease of the film thickness, 
depending on S, is calculated by flash temperature theory and leads to the 
asymmetric film thickness behavior. 
Another thermal effect within the contact may be related to the temperature-
viscosity wedge action as already explained in  4.2. For the tests carried out 
here, this explanation is convincingly, because this effect occurs only if the 
contacting surfaces are composed of different material. Thus it can also explain 
to some extent the behavior of the friction coefficients. In addition, as shown in 
Figure  4-1, Figure  4-2 and Figure  4-18 a relatively flat EHL contact is found for 
high positive S while a bigger difference occurs in central and minimal film 
thickness for high negative S. The same behavior is also reported in  [56]. 
A further interesting effect was found under transient conditions. Looking on the 
film thickness loops presented in Figure  4-6 and Figure  4-7 a kind of 
dependence between the squeeze and the slide-to-roll ratio occurs. For pure 
rolling conditions (S=0) the film thickness loops are bigger than for high slide-to-
roll ratios. 
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Figure  4-18: Comparison of mid-plane profile perpendicular to rolling 
direction for positive and negative S and u=0.2 m/s. (S1 specimen) 
 
Furthermore, for high negative S the film thickness loops do not reduce as much 
as for positive S. As more and more non-metallic materials will be introduced in 
mechanical engineering, a detailed knowledge of this effect might help in 
optimizing non-conformal lubricated machine elements. A first explanation could 
be that the squeeze effect is reinforced for negative S by the previously 
described variation of the difference between minimum and central film 
thickness in dependence of the slide-to-roll ratio (see Figure  4-18). 
4.4.2 Friction coefficients 
In general a complete interpretation of friction coefficient results is relatively 
complicated. Nevertheless, some explanations can be given for the intersection 
as shown for example in Figure  4-11 and Figure  4-14, when considering the 
temperature increase in contact. Also the temperature viscosity wedge action 
effect, which is caused by the variation of the temperature distribution across the 
oil film along the oil entrainment direction, has a certain influence. 
4.4.2.1 Influence of temperature viscosity wedge action on friction 
The oil temperature of the mineral oil used is relatively low, only a few degrees 
in temperature rise could diminish significantly the viscosity of the oil. For 
example an increase in temperature from T=12°C to T=15°C reduces the 
viscosity by about 0.1 Pa·s. As already shown, an intersection of the friction 
coefficient trends occurs for negative S under conditions of dimple development 
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(temperature viscosity wedge action). If a dimple occurs a significant increase of 
the temperature in contact is reported e.g. in Yagi  [97], [98]. This could lead to a 
lower viscosity and less shearing so that the hydrodynamic friction decreases 
faster for high negative S. 
For example looking back to Figure  4-11 a), at the entraining velocity of 
ue>0.15 m/s an intersection occurs (when the glass disc moves faster than the 
steel ball). As reported in  [56], the formation of dimples not only depends on the 
different thermal properties of the contacting surfaces, but also on the entraining 
velocity and the slide-to-roll-ratio (see Figure  4-1 and Figure  4-2). The 
comparison of the two diagrams in Figure  4-11 shows that, for S<0 (diagram on 
the top), no dimples occur for small entraining velocities and small S. Then, the 
curves show a similar behavior like the curves for S>0 (diagram on the bottom). 
However with increasing entraining velocity and higher |S|, when S<0 and the 
formation of a dimple occurs, an intersection is found. In contrast, when S>0 and 
therefore no formation of dimple occurs, no intersection is found, and the curves 
are more separated. 
The author believes that, when the formation of dimples occurs, the differences 
in surface temperatures and total temperature in contact for S=-1.75 is higher 
than for S=-1 as indicated in  [97], [98], [100] (but comparing mostly extreme 
values of |S|, e.g. S<2 with S>2). In  [97], [98] the temperature of the oil was 
measured in contact and an increase in temperature could clearly be shown if a 
dimple occurs. This could lead to a lower viscosity of the oil in contact for S=-
1.75 compared to S=-1 and therefore a lower hydrodynamic friction. 
Unfortunately, it was not possible to measure the input and output temperatures 
of the oil near the contact exactly. 
Besides, the local increase in the central film thickness might also reduce the 
effect of shearing and therefore reduce the friction coefficient. Looking at Figure 
 4-14, a question arises why such intersections also occur when using the S1 
specimen, because no clearly visible dimple was recognized (see Figure  4-3). 
 




Figure  4-19: Monochromatic interferograms for the S1 specimen, different ue 
and S=-1.8 (entraining of the oil from the left). 
 
However, in Figure  4-19 looking on the monochromatic interferograms obtained 
for S=-1.8, starting from an entraining velocity of about ue=0.3 m/s, the effect of 
the temperature viscosity wedge is clearly visible as a dimple develops. A small 
shadow before the outlet restriction can already be seen in Figure  4-19 at 
ue=0.15 m/s, as well as a local increase in the central film thickness shown in 
Figure  4-18. This indicates the first stages in the development of a dimple. Even 
if the dimple formation is small in the case of specimen S1, a small temperature 
viscosity wedge action effect could be sufficient in order to increase the 
temperature in contact to a few degrees Celsius. 
4.4.2.2 Influence of the test rig characteristics on friction 
For high positive S (steel ball running faster than the disc) two effects need to be 
considered. First, the bulk heating of the steel ball is greater  [52], [79] and 
second, the characteristic of the test rig plays an important role. This means, the 
steel shaft connected to the specimen is supported by two ball bearings acting 
like an additional heat source for high rotational speeds. For S>0 the shaft is 
rotating fast in order to reach the previously defined surface velocities. When 
using a small specimen, like S1, the shaft can reach revolutions up to 1000 rpm 
for the maximum entraining velocity defined in this work. This leads to a 
considerable increase in the specimen bulk temperature depending on the slide-
to-roll ratio. Due to the definition of the slide-to-roll ratio, the shaft needs to rotate 
faster for positive S and slower for negative S. Therefore, at high negative slide-
to-roll ratios like S=-1.8 the increase of the steel ball temperature is surely 
negligible and outweighed by the internal heating in the contact region. This was 
experimentally shown by Yagi et al.  [97], when using an infrared technique. It 
has been confirmed that the oil film temperatures at high slide-to-roll ratios are 
significantly higher than the ball surface temperatures. However, for small and 
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intermediate slide-to-roll ratios like S=|0.8| the heating caused by the test rig 
shaft must be taken into account. For example, looking at Figure  4-14 and 
S=+0.8, it can be seen that the friction coefficient decreases significantly for 
higher velocities. An increase in oil temperature due to the increase in 
temperature of the steel ball for higher velocities could be the reason. The 
decrease in the friction coefficient for higher velocities is less pronounced for S=-
0.8 (Figure  4-14) when the shaft rotates significantly slower compared to 
S=+0.8. 
At a slide-to-roll ratio of S=-0.8 the shaft does not heat up the steel ball 
additionally and the effect of the thermal viscosity wedge action is not big 
enough in order to increase the oil temperature significantly as explained for S=-
1.8. In other words, S=-0.8 operates at conditions close to the oil test 
temperature (T=12°C), whereas for S=+0.8 an significant increase in oil 
temperatures is caused by the high rotating shaft, which leads to an increase of 
the steel ball bulk temperature. If S=-1.8, a significant increase in oil temperature 
is caused by the temperature viscosity wedge action as explained before. 
4.4.3 Friction coefficient – Film thickness relation 
The behavior of the friction and film thickness trends could be explained to some 
extent. However, it is still difficult in finding always direct correlations between 
film thickness values and friction coefficients. For example, looking at Figure  4-5, 
even though the central film thickness is reduced significantly for higher 
velocities and positive high S, the friction coefficients in Figure  4-14 do not show 
big differences (compare for instance the curves S=+0.8 and S=+1.8 at 
ue>0.15 m/s). 
Looking at the results obtained under transient conditions, it seems even more 
difficult to find a relation. The film thickness loop reduction found by increasing S 
(Figure  4-7) does not correspond to a reduction of the friction loops (see for 
instance Figure  4-17). Probably squeeze, thermal and geometrical aspects 
combined together give results very difficult to be interpreted. Also possible 
vibration problems and the methodology used for the analysis of the recorded 
friction data can have a certain influence on the results as shown in Ciulli  [20]. 
Furthermore, friction coefficient loops of diminishing amplitude by increasing S 
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were found in  [17]. However, the roughness of the specimens in  [17] was higher, 
the viscosity of the lubricant lower and therefore the lambda ratio smaller than in 
the present work. For higher S and thus increasing shearing, the film thickness 
will decrease additionally. This leads to a greater amount of asperity contacts 
that could reduce the effect of squeeze and amplitude of the loops as reported in 
Zhai  [101]. In this work, however, also for high S the influence of roughness is 
small. Therefore, the variation of the height of the film thickness alone is not 
sufficient to explain the behavior of the friction coefficient and different effects 
must be taken into account as explained above. 
4.4.4 Steady state friction coefficient measurements 
The data analysis of experiments carried out under transient conditions is still 
very time-consuming. Thus the experiments described above are limited to a few 
slide-to-roll ratios and one oil temperature of T=12˚C. However, the question 
arose if the intersections in the friction coefficient trends reported above reduce 
for a higher oil temperature. It is well-known that mineral oils are less sensible to 
temperatures variations at higher test temperatures. 
An investigation at higher oil temperatures, using bearing steel balls of different 
diameter at different slide-to-roll ratios and two different oil temperatures 
(T=14˚C and T=30˚C), has still shown intersections when the contacting 
surfaces have different thermal properties  [23]. This could be a confirmation of 
the temperature viscosity wedge action influence, because at higher oil 
temperatures the influences of the test rig on the friction coefficients is smaller. 
In contrast, for lower oil temperature the test rig characteristics can influence to 
some extent the friction coefficient results as discussed previously (especially for 
S>0). 
After conducting experiments at several slide-to-roll ratios, the friction 
coefficients have been plotted as a function of the entraining velocity f(u) and as 
a function of the slide-to-roll ratios f(S). It has been clarified that the intersections 
of the curves f(u) are related to the descending trends whenever there is a 
maximum in the curves f(S), Figure  4-20. 
 



































Figure  4-20: Trends of the friction coefficient f as a function of the entraining 
velocity u (a) and the slide-to-roll ratio S (b). Steel specimen with diameter 
24.606mm against glass disc; pHz =0.6 GPa (F=46.3 N); oil temperature 30°C. 
 
A direct comparison of Figure  4-20 a) and b) shows that, equal values of f for the 
same u in Figure  4-20 b) correspond to the intersection of curves f(u) in Figure 
 4-20 a). This means that an intersection between curves f(u) of different S 
(shown in Figure  4-20 a) occurs, whenever the curves f(S) for a certain u (shown 
Figure  4-20 b) have a maximum. In other words, equal values of f in the curves 
f(S) before and after the maximum correspond to the intersections of the curves 
f(u). 
In  [23], when comparing results obtained with specimens of different diameter, 
similar values of friction are found if a similar Hertzian pressure is used. This 
might be explained by the findings reported in Nagaraj  [67]. There, it was 
reported that, the product of the Hertzian contact pressure and the sliding 
velocity could estimate the temperature rise in the contact center of a sliding 
EHL point contact. Therefore, EHL point contacts of different diameter but 
similar Hertzian contact pressure will probably undergo a similar temperature 
rise at contact center. 
4.5 Conclusions and considerations 
Thermal and transient effects of a non-conformal lubricated point contact have 
been investigated through experimental analyses. From the results presented 
and discussed the following main conclusions can be drawn: 




• The slide-to-roll-ratio has an influence on the friction coefficients for 
contacts both under steady state as well as transient conditions. While 
higher |S| causes normally higher friction coefficients, often the friction 
coefficients for higher negative S reduce faster with increasing 
entraining velocity than the friction coefficients for an intermediate 
negative S (intersection). This has been confirmed also by testing steel 
balls of different diameter. A possible explanation can be the 
temperature viscosity wedge action and sensitivity of the test oil on 
temperature changes. The thermal effects on the friction coefficients 
found for steady state conditions are superimposed by squeeze effects 
under transient condition. 
 
• At high S and steady state conditions the film thickness falls from the 
value measured under pure rolling (S=0) in an asymmetric way. This 
means the central film thickness reduces more for positive S by around 
30%, whereas for negative S by about 20%. Under transient conditions 
a similar behavior is found independently on the test frequency. One 
possible explanation for the asymmetric behavior in film thickness 
reduction could be the temperature viscosity wedge action. A second 
explanation which does not contradict the first one could be the greater 
bulk heating of the steel ball when it slides faster than the disc as 
reported in  [79], [99]. 
 
• Under transient conditions high slide-to-roll ratios seem to reduce the 
squeeze effect on the film thickness. This effect is more pronounced for 
higher test frequencies. The reduction of the film thickness loops is 
higher for positive S than for negative S. A possible explanation for this 
difference could be that the temperature viscosity wedge action found 
for negative S amplifies the squeeze effect. It can be assumed that, this 
effect does not occur when contacting materials with the same thermal 
properties are used. For example in a glass-on-glass or a steel-on-steel 
contact a uniform or similar reduction of the squeeze effect is assumed 
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for negative and positive S. An additional experimental verification using 
for example a ceramic or glass ball instead of a steel ball could give 
further insights. However, for optical interferometry use, the preparation 
of a glass or ceramic steel ball is difficult. In this case the ball must be 
coated with a reflective chromium layer and an additional SiO2 
protection layer. 
 
Some results presented under steady state conditions correspond quite well to 
film thickness results obtained in other works like  [56], [79]. The intersection in 
the friction coefficient trends found depends on the test temperature, the oil used 
and on the lubrication regime. Besides, with all inaccuracies of the experimental 
procedure included, it is very likelihood that some phenomena connected to the 
formation of dimples are inherent with a difference in the corresponding 
hydrodynamic friction. Thermal and transient effects combined together still 
need to be verified by more experimental work and numerical analyses. Here, it 
was shown that thermal and transient effects superimpose, at least for the 
experimental conditions observed. However, for some conditions, especially 
when using contacting materials with different thermal properties the 
combination of transient and thermal effects is far more complex (see for 
example the film thickness loops for different S in Figure  4-7). 
These results are insofar interesting that the exact knowledge of some 
phenomena could improve the lubrication state of machine elements (for 
example by a higher film thickness or bigger film thickness loop for negative S 
when using different contacting materials). This idea is no science fiction as 
more and more high-performance non-metallic materials are introduced to 
industrial applications. Some bearing companies already introduced rolling 
element bearings with ceramic rolling elements. 
The results discussed are difficult to obtain, therefore some further 
improvements of the experimental approach, like measurements of the oil 
temperature in the contact, better optical equipment and a new load cell could 
minimize possible errors and increase the explanation power. 
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So far the non-steady state experiments have been limited to a sinusoidal 
change of speed over time. Transient investigations of a load change for 
different slide-to-roll ratios, using a different test rig, may give additional insights. 
The study carried out and explained above is phenomena oriented and a 
detailed quantitative analysis was of secondary interest. The objective was a 
comparison for different test conditions. 
After further careful investigations of the phenomena, as a next step an 
application oriented investigation should be carried out. Similar investigations 
combined with numerical simulations for different materials and lubricants, like a 
parametric study, may discover something like a film thickness map similar to 
the fundamental work of Hamrock and Dowson  [43]. Thermal reduction factors 
for the EHL film thickness depending on S (e.g.  [96]) are rather limited. A future 
film thickness map which includes the slide-to-roll ratio and some extreme 
contact material combinations is of interest. Then, the appropriate choice of 
materials or coatings and corresponding kinematic conditions (entraining velocity 
and slide-to-roll ratio) could improve the tribological performance of machine 
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CHAPTER 5        
         




The next chapters describe the step by step development of a multi level multi 
grid (MLMG) fast solver for a reciprocating EHL rolling point contact. The final 
part of this work was conducted at the DMES. 
5.1 Numerical methods in the field of EHL 
In its simplest form, the complete EHL problem is described by a number of 
equations  [91]: 
 
• the Reynolds Equation describes for a given film thickness the pressure 
generated in the lubricant film (flow of a Newtonian fluid inside a narrow 
gap and the cavitation condition states that the pressure should remain 
positive) 
• the elasticity or film thickness equation describes the deformed 
geometry of the gap 
• the viscosity-pressure relation gives the viscosity as a function of the 
pressure 
• the density-pressure relation gives density as a function of pressure 
• the force balance equation states that the integral of the pressure in the 
film should balance the applied load. 
 
The solution for the pressure and the film thickness must simultaneously satisfy 
all equations. Furthermore, the solution is subject to the so called cavitation 
condition which states that all pressures should be larger than, or equal to the 
vapor pressure of the lubricant. Below vapor pressure the fluid will cavitate and 
the pressure will equal the ambient pressure. Since this vapor pressure is very 
small compared to the pressures generated in the EHL contact, zero pressure is 
assumed at the exit boundary. In this work it will be shown that an estimation of 
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the fluid pressure in the EHL outlet region can help in order to describe to some 
extent the cavitation phenomenon. However, the specific details with respect to 
the fluid pressure at the outlet are disregarded for the moment. Due to the 
cavitation conditions, the EHL exit boundary becomes a free boundary. 
 
Based upon the way in which the Reynolds’ Equation is treated, the 
aforementioned equations are basically solved by direct or inverse methods. In 
the direct method the hydrodynamic pressure is calculated for a given film 
thickness. This is the most natural way since the Reynolds’ Equation was 
derived to obtain the pressure distribution in a conjunction for a given film shape. 
A straightforward direct algorithm is to solve the pressure distribution from 
Reynolds’ Equation by a Gauss-Seidel type relaxation. As an example, Hamrock 
and Dowson  [42] applied this algorithm to the point contact problem. 
Unfortunately, a simple relaxation method slows down very fast in the speed of 
convergence. Moreover, stability problems occur already at moderate loads. 
This problem can be slightly improved by under relaxation which in turn, 
however, reduces again the speed of convergence. 
If the problem to solve is relatively close to the solution, then the Newton-
Raphson system approach requires only a few iterations. The algorithm is based 
on the linearization of the system of equations around some approximate 
solution. For example, Okamura  [70] and Sadeghi & Sui  [77] used this algorithm. 
Apart from its higher complexity, the algorithm has some drawback. The 
Jacobian matrix to be inverted during each iteration is due to the elastic 
deformation a full matrix and requires, if n is the number of point on the grid 
used, O(n3) operations. This leads in the case of point contacts to excessive 
computing time. Furthermore, for higher loads the Jacobian matrix becomes 
singular and the computer storage needed is immense. 
Compared to the aforementioned direct methods, with the inverse method 
introduced by Ertel  [29] high load problems could be solved. In the inverse 
algorithm the problem will be solved by iteratively calculating the film thickness 
by the Reynolds’ equation that must equal, within a certain error, the film 
thickness calculated from the elasticity equation. The inverse method was 
successfully used by Dowson & Higginson  [25] and Evans & Snidle  [30]. 
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Contrary to the direct methods, the inverse method is only stable for highly 
loaded situations. Therefore, often the EHL inlet region is solved with a direct 
solver, whereas an inverse solver was applied in the Hertzian contact region. 
The above methods have all drawbacks, either in their applicability to both highly 
and lightly loaded cases, or in their computational complexity. 
A more detailed comparison between direct and inverse methods is given in 
Venner  [91]. 
Finally, most of the problems described above have been overcome when 
Brandt  [4] introduced the powerful multigrid method. Lubrecht  [59] applied the 
multigrid method based on Gauss-Seidel relaxation of the Reynolds Equation to 
EHL lubrication problems. A brief explanation will be given, however, for a 
further introduction into this topic and detailed discussion the reader is referred 
to Briggs  [8], Hackbusch  [39] and Venner & Lubrecht  [91]. The concept of multi 
level multi grid solvers is based upon a certain understanding of the 
convergence behavior of iterative processes such as relaxation methods. On a 
fine grid the speed of convergence of a simple Gauss-Seidel algorithm reduces. 
A finer grid (more points to solve) results in an increased number of operations; 
however, the asymptotic convergence of a Gauss-Seidel algorithm reduces for 
finer grids. It can be shown that error components with a wavelength in the order 
of the mesh size, i.e. high frequency components, are efficiently reduced by the 
relaxation process. Error components with wavelengths much larger than the 
mesh size are hardly reduced and consequently, after a few iterations 
convergence slows down and the asymptotic convergence rate becomes very 
small  [89]. As an example, defining a grid of 200 points, but the information 
about a local change in e.g. pressure moves only one grid point per iteration, 
then a long wavelength error, like a pressure change in the inlet region (first 
points of the grid), needs about 200 iterations before the information of the 
pressure change reaches the outlet region (last points of the grid). This 
disadvantage can be reduced by MLMG methods. Since after a few relaxations 
the error becomes smooth compared to the mesh size (high frequency 
components are reduced), the remaining error, in fact, can be accurately 
represented and solved on a coarser grid. Therefore, instead of continuing the 
relaxation process when, after a few relaxations, convergence slows down, one 
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switches over to a coarser grid for the solution of the error. Once an accurate 
approximation to the error is obtained on this grid, it is used to correct the 
solution on the fine grid. 
Even if the MLMG algorithm significantly increased the rate of convergence, the 
calculation of the elastic deformation integrals (O(n2)) took still too much CPU 
time. After Brand and Lubrecht  [5] introduced a multilevel integration technique 
(MLMI) for the calculation of the elastic deformation, the complexity of the 
algorithm could be reduced to O(n ln(n)). Since the influence of ln(n) has only a 
significant effect for very fine grids, the speed of the algorithm developed by 
Brand and Lubrecht  [5] depends nearly only on the number of unknowns O(n). 
Thus the method was really effective but unfortunately still not suitable for higher 
loads. Shortly after, the convergence problem for highly loaded situations was 
resolved by Venner  [89] who introduced distributive line relaxation. 
This allowed for the first time the detailed study of more realistic EHL point 
contacts on standard PC’s also when using very fine grids. The numerical works 
of Chang  [11], Ai  [1] and Hooke  [48] dealing with line as well as point contacts 
are some examples. 
5.2 Governing equations for the study of EHL 
5.2.1 The Reynolds Equation 
Osborne Reynolds derived 1886 from the Navier-Stokes Equation the Reynolds 
Equation. The Reynolds Equation defines the pressure distribution of an applied 
load for a given geometry. It applies to Newtonian lubricants. The derivation of 
the equation is beyond the scope of this thesis and can be found in most books 
dealing with lubrication arguments, e.g. in Hamrock  [41]. Assuming a lubricant 
flow parallel to the x-axis, and assuming no flow velocity across the contact, in 
Cartesian coordinates (x,y), and time t the Reynolds Equation is given by 
 
( ) ( )3 3
6 12 0s
h hh p h p u
x x y y x t
ρ ρρ ρ
η η
⎛ ⎞ ⎛ ⎞ ∂ ∂∂ ∂ ∂ ∂+ − − =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠
 (  5-1 ) 
 
where p is the pressure 
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 h is the geometry, or film thickness 
 ρ is the density of the lubricant 
 η is the viscosity of the lubricant 
 
The entrainment velocity, us is defined by us=u1+u2. The first two terms involving 
the second derivatives of pressure are called the Poiseuille terms. The wedge 
term is the other spatial derivative whilst the squeeze term is the temporal 
derivate. 
The Reynolds Equation has no in-built concept of giving physical solutions for 
pressure. Therefore at certain situations (e.g. EHL outlet region) negative 
pressures, that do not exist for lubricants, can satisfy the equation. Therefore the 
aforementioned cavitation conditions must be set. Due to the cavitation 
conditions, Eq.(  5-1 ) must be solved as a free boundary problem. 
5.2.2 The film thickness or deformation equation 
In EHL contacts, additionally to the separation of the surfaces in the contact, the 
surfaces are also allowed to deform. This deformation depends on the pressure 
applied or in particular on the pressure distribution across the whole contact. 
The theory of semi-elastic half space and an isotropic behavior of the material 
are assumed. 
Since the EHL contact area is compared to the geometry of the contacting 
bodies very small, the underlying shape will be assumed to be a parabolic 
shape. Even in a hydrodynamic case, with no deformation, the presence of a 
lubricant will separate the contacts by an extra scalar quantity, referred to as the 
central offset film thickness, h00. The final term is the deformation which, in the 
reduced geometry, is all taken to be in the curved surface rather than the plane. 
In the case of a circular point contact the equation is given by 
 
( ) ( )( ) ( )
2 2
00 2 2
', ' ' '2,
2 2 ' ' 'x y
p x y dx dyx yh x y h
R R E x x y yπ
∞ ∞
−∞ −∞
= + + −
− + −∫ ∫  (  5-2 ) 
 
Where E’ is the reduced elastic modulus of the contact and Rx and Ry are the 
reduced radii of curvature in the x and y directions (in a circular contact Rx=Ry). 
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In Figure  5-1 the physical effect of the single terms in Eq.(  5-2 ) are illustrated by 







Figure  5-1: Physical effect of Eq.(  5-2 ) (H film thickness, Hp=non-deformed 
surface, D=elastic deformation, H =h00= numerical constant) (source:  [80]). 
 
5.2.3 The force balance equation 
The force balance equation is needed to ensure conservation of applied force 
over the contact. In this work it is assumed that the fluid film does not break 
down to give even a partially dry contact. Therefore, the load applied across the 
contact must be completely carried by the lubricant film. For the point contact 
case the force balance is expressed as 
 
( , )p x y dxdy W
∞ ∞
−∞ −∞
=∫ ∫  (  5-3 ) 
 
where W is the applied load. 
5.2.4 The lubricant model 
Much research is currently being done into the use of non-Newtonian models, 
however, for this work, the Newtonian model will suffice. 
5.2.4.1 Density equation 
Under very high pressures as found in EHL contacts the lubricant has certain 
compressibility. The density model that will be used throughout this work is that 
of Dowson and Higginson  [26]. 
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ρ ρ × += × +  (  5-4 ) 
 
where ρ0 is the density at ambient pressure. 
5.2.4.2 Viscosity equation 
For completeness the model of Barus  [7] (1893) which only had a linear 




pp αη η=  (  5-5 ) 
 
where η0 is the viscosity at ambient pressure and α the pressure viscosity 
coefficient. For high pressure cases (p>0.1 GPa) it is necessary to use a more 
accurate model which applies at pressure of up to at least 1 GPa. The usual 
Newtonian model used is that of Roelands  [76]. Even if the correlation with 
experimental results at pressures higher than 0.4 GPa is not always as accurate, 
it is widely accepted when modeling EHL problems. Using the Roelands model, 




( ) exp ln( ) 9.67 1 (1 )zpp
p
η η η⎧ ⎫⎛ ⎞⎪ ⎪= + − + +⎜ ⎟⎨ ⎬⎪ ⎪⎝ ⎠⎩ ⎭
 (  5-6 ) 
 
where z is the pressure viscosity index (z=0.6) and p0=1.96·108 is a constant. 
5.2.5 Dimensionless equations 
For the numerical solution it is convenient to rewrite the Equations introducing 
dimensionless variables. The obvious choice in this case is to use the 
parameters of the Hertzian solution, by means of maximum Hertzian pressure 
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+ <  (  5-7 ) 
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=  (  5-9 ) 
 
Using Equations (  5-8 ) and (  5-9 ), along with the density and viscosity at 
ambient pressure, the EHL system can be non-dimensionalised. This is done by 
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The Reynolds Equation (  5-1 ) becomes 
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, (  5-10 ) 
 
where the dimensionless parameter λ is given by 










ηλ =  (  5-11 ) 
 
Defining another dimensionless quantity, ε, by 
 
3
,Hρε ηλ=  (  5-12 ) 
 
means that the non-dimensional Reynolds Equation (  5-10 ) can be rewritten as 
 






X X Y Y u X T
ρ ρε ε ∂ ∂∂ ∂ ∂ ∂⎛ ⎞ ⎛ ⎞+ − − =⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠  
(  5-13 ) 
 
The oil entrainment is in the positive X direction. Inside the domain a free 
boundary cavitation condition ensuring P≥0 is given, whereas at the border of 
the domain P(X=-∞) = P(X=∞) = P(Y=-∞) = P(Y=∞) = 0. 
 
The film thickness equation (  5-2 ) in it dimensionless form for a smooth surface 
is given by 
 
( ) ( )( ) ( )
2 2
00 2 2 2
', ' ' '2,
2 2 ' '
P X Y dX dYX YH x y H
X X Y Yπ
∞ ∞
−∞ −∞
= + + −
− + −∫ ∫ . (  5-14 ) 
 
Non-dimensionalising the force balance equation (  5-3 ) removes explicit 




P X Y dXdY π
∞ ∞
−∞ −∞
=∫ ∫ . (  5-15 ) 
 
Finally, the density and viscosity take the form: 
 

















( ) exp ln( ) 9.67 1 (1 )zHzpP P
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. (  5-17 ) 
 
5.2.6 Dimensionless parameters 
To derive out of numerical results easy to handle expressions or to present the 
results in design charts or survey diagrams, different convenient set of 
dimensionless variables for EHL problems have been proposed. The two 
common sets used for point contact cases, such as used here, are the Moes 
parameters, M and L, and the Hamrock and Dowson parameters. A better 
description can be found in Venner  [91]. 
There are six physical parameters that are to be reduced: α, E’, η0, Rx, W and us. 
These can be combined as shown in Equation (  5-8 ) and (  5-9 ), to get 
expressions for ph and a respectively. Defining 
 
,Hzpα α=  (  5-18 ) 
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 (  5-20 ) 
 







⎛ ⎞= ⎜ ⎟⎝ ⎠  









πλ ⎛ ⎞= ⎜ ⎟⎜ ⎟⎝ ⎠
 (  5-22 ) 
 
If the lubricant is considered to be compressible and the Roelands pressure-
viscosity relation is used, in addition to M, L two parameters of the group α, z 
and η0 have to be given whereas the third parameter is determined by the 
relation: 
 
( )0 0ln 9.67pz
α η= +  (  5-23 ) 
 
(p0=1.96 108). Hamrock and Dowson  [42] similarly defined the following relations 
for circular point contact problems: 
 












=  (  5-26 ) 
 
where F is the applied load. In this work, however, the Hamrock and Dowson 
parameters are not used, hence, except of Eq.(  5-26 ), the variable W refers to 
the applied load. The Hamrock and Dowson parameters can be related to the 
Moes parameters. 
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5.2.7 Discrete equations 
In order to solve the EHL system given by Equations (  5-13 ) to (  5-17 ) by a 
numerical scheme, it is first necessary to discretized them. The equations are 
discretized on a uniform grid with mesh size h (h=ΔX=ΔY) in X and Y direction 
on a rectangular domain Xa≤X≤Xb, -Ya≤Y≤Ya. The numerical solution method 
used to solve the Reynolds Equation is that of finite difference. This technique 
requires only the solutions at the mesh points, and numerical derivatives are 
calculated using neighboring solutions. 
A second order accurate discretization for the Poiseuille terms in Reynolds 
Equation (  5-13 ) is used. This gives the following discrete equation for the point 
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ρε η λ=  (  5-29 ) 
 





Hρ  and ( )h
t
Hρ  in Equation (  5-27 ) denote the discrete wedge and squeeze 
term. An upstream discretization is used for both terms. This results in the case 
of the wedge term in: 
 





ρ ρ ρρ − −− −− +=  (  5-30 ) 
 
At the first line near the boundary (i=1) the equation must be replaced by a first 
order discretization: 
 





ρ ρρ −−−=  (  5-31 ) 
 
The squeeze term ( )h
t
Hρ  is derived in a similar way. The film thickness equation 
can be discretized as: 
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where, based on an approximation of the pressure by a piecewise constant 
function on a square h x h around at ' '' , 'i jX Y  the coefficients , ', , '
hh
i i j jK  are given 
by: 
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and can be computed analytically: 
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⎫⎛ ⎞ ⎛ ⎞⎪+ +⎜ ⎟ ⎜ ⎟⎬⎪⎝ ⎠ ⎝ ⎠⎭
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 (  5-35 ) 
 









h P π=∑∑ . (  5-36 ) 
 
The equations for density (  5-16 ) and viscosity (  5-17 ) are point wise 




















exp ln( ) 9.67 1 (1 )zHz i ji j
p P
p
η η⎧ ⎫⎛ ⎞⎪ ⎪= + − + +⎨ ⎬⎜ ⎟⎪ ⎪⎝ ⎠⎩ ⎭
. (  5-38 ) 
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5.3 Multilevel Multi-Grid method 
Multigrid methods in EHL problems are described in detail by Venner and 
Lubrecht  [91]. However, it is necessary to explain some basics. In this section 
the most important features of the multigrid technique are summarized. As 
written in section  5.1, the main purpose in a multigrid method is to reduce 
significantly the computation time without reducing the accuracy. 
The interaction of the Equations (  5-13 ) to (  5-17 ) results in a very non linear 
system of equations. A discrete approximation of the solution of the non-linear 
differential equations needs to be solved by means of an iterative solution 
process, so-called relaxation, since the coefficients of the differential- or integral-
operator depend on the solution itself. Conventional relaxation schemes, like 
Gauss-Seidel relaxation, are known to efficiently reduce high-frequency error 
components in discrete approximations of the solution of elliptic differential 
equations, where high-frequency components are those components whose 
wavelength is of the order of the mesh size of the grid. On the other hand, if the 
computational domain is large compared to the mesh size, most relaxation 
schemes hardly reduce the low-frequency components. After a number of 
relaxation sweeps, the error consists of low-frequency components only and 
error reduction stalls. Therefore, in a multi level multi grid method, basically, on a 
coarser grid the low-frequency components become higher-frequency 
components and will be reduced efficiently from the relaxation process. In fact, 
the process can be repeated recursively until a grid is reached where the mesh 
size is of the order of the domain and a fixed number of relaxations are 
sufficiently to completely solve the coarse grid equations. The solution found on 
the coarse grid relaxation process will be used to correct the solution of the finer 
grid. This recursive procedure is called a ‘cycle’. The mesh size H of the coarse 
grid is usually taken twice as large as the mesh size h of the fine grid, which is 
referred to as standard coarsening. 
To illustrate the multigrid procedure, consider the following equation: 
 
( )L u f= , (  5-39 ) 
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where L is a differential operator, u is the unknown solution and f is the right-
hand side function. A discrete approximation uh of u should satisfy the 
approximate equation: 
 
( )h h hL u f= , (  5-40 ) 
 
where Lh and fh are discrete approximations of L and f. Important: the superscript 
h denotes the mesh size. 
Since, the goal is to find the solution of the continuum problem L(u)=f, our 
objective is to obtain an approximation ūh to uh for which the algebraic error ||u-
uh|| is smaller than the discretization error ||uh-ūh||. Therefore, the discretization 
error defines the maximum accuracy. 
Starting from an approximation ũh, the error in ũh can be reduced by relaxations. 
After a number of relaxation sweeps, as already written, the error becomes a 
smooth function (the low-frequency components cannot be reduced efficiently). 
Instead of continuing the relaxation process on the fine grid, the error is now 
represented on a coarser grid by means of restriction. Once the error is solved 
on the coarse grid, it can subsequently be used to update the solution on the 
fine grid. This process forms the basis for the so-called Correction Scheme (CS). 
5.3.1 Correction Scheme (CS) 
Consider the discrete equation Eq.(  5-40 ) and let ũh be the approximation 
obtained after a few relaxations on the fine grid h, then the accuracy of ũh is 
given by the residual rh, defined according to: 
 
( )hh h hr f L u= − . (  5-41 ) 
 
Using Eq.(  5-40 ) and assuming Lh to be linear, it follows that: 
 
 ( ) ( ) ( )h hh h h h h hr L u L u L u u= − = − . (  5-42 ) 
 
Substitution of the error, defined according to eh=uh-ũh, yields: 




( )h h hL e r= . (  5-43 ) 
 
Since, after a number of relaxations, eh is smooth compared to the mesh size h, 
it can be approximated on a coarser grid H, where usually H=2h. 
Thus, the computation time decreases since the number of unknowns is reduced 
by the factor 2d where d is the dimension of the problem. In addition, some of the 
low-frequency errors become high-frequency errors compared to the grid size H 
and as a result they can efficiently be reduced by relaxation. The coarse grid 
approximation eH to eh then follows from: 
 
( )H H H hhL e I r= . (  5-44 ) 
 
where LH is a representation of Lh on the coarse grid and HhI  is a restriction 
operator. 
Once a sufficient approximation ēH to eH is obtained, it is used to update the 
solution on the fine grid according to: 
 
h Hh h
Hu u I e= + , (  5-45 ) 
 
where hHI  is an interpolation operator. 
High-frequency components introduced by the interpolation are eliminated by 
one or two additional relaxations on the fine grid. 
 
The restriction operator HhI  transfers a function, e.g. the residual, to the coarser 
grid. If standard coarsening is applied, the simplest form of restriction is so-
called injection. Injection transfers the value of the function on the fine grid to the 
corresponding coarse grid point. A more accurate restriction is full weighting. 
With full weighting, the value in the coarse grid point is a weighted average of 
function values in points adjacent to the corresponding fine grid point. 
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The interpolation or prolongation operator hHI  interpolates the function on the 
coarse grid to the fine grid. Linear interpolation is usually sufficient. The transfer 
operations, restriction and prolongation are illustrated in Figure  5-2. 
 
 
Figure  5-2: Restriction by injection and full weighting (left) and prolongation 
by interpolation (right) between different grid levels G (source:  [73]). 
 
5.3.2 Full Approximation Scheme (FAS) 
The Correction scheme can only be applied for linear operators. However, the 
EHL system of equation is highly non-linear. In this case the operator L depends 
on the solution u and works on u. This problem can be solved with the Full 
Approximation Scheme (FAS). 
FAS is derived from the equation for the residual (  5-42 ). Substituting in this 
equation the error eh=uh-ũh and rearranging yields: 
 
 ( ) ( )h hh h h hL u e L u r+ = + . (  5-46 ) 
 
Sine eh is again smooth compared to the mesh size h and the non-linearity of Lh 
prevents the reduction to Equation (  5-44 ), the full equation is represented on 
the coarse grid: 
 
( )H HHL u f=  , (  5-47 ) 
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where ûH is the coarse grid variable: 
 




f  is the FAS right-hand side, defined according to: 
 
( )H hH H H hh hf L I u I r≡ + . (  5-49 ) 
 
From a sufficiently accurate approximation u H of the coarse grid variable ûH, a 
coarse grid approximation ēH of eh follows from: 
 
 HH hH
he u I u= − , (  5-50 ) 
 
which is subsequently used to update the fine grid solution according to: 
 
h Hh h
Hu u I e= + . (  5-51 ) 
 
If the FAS scheme is applied to a linear problem, it reduces simply to the CS 
scheme. 
5.3.3 Coarse grid correction cycle 
The above explained methods are not only limited to two different grids or levels. 
As for the fine grid equation, the convergence of the coarse grid equation can 
again slow down due to the poor reduction of the low-frequency error 
components. In this case it can thus be approximated accurately on an even 
coarser grid. The procedure can be repeated recursively until a grid is reached 
for which the solution can be obtained within only a limited number of 
relaxations. This recursive procedure is known as coarse grid correction cycle or 
V-cycle. At every grid level a predefined number of relaxations are performed. 
Often three different numbers of relaxations are defined. Some pre relaxations, 
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v1 before restricting to the next coarser grid, relaxations v0 on the coarsest grid 
and some post relaxations, v2 before prolonging to the next finer grid. 
One refers to W-cycles if, on each grid, two coarse grid correction cycle are 
used to update the solution on that particular grid (often in high load cases, due 
to numerical stability problems, the use of W-cycles is preferable). The V- and 
W-cycle are illustrated schematically in Figure  5-3. 
 
 
Figure  5-3: V- (left) and W-cycle (right) for different grid levels G. 
 
5.3.4 Full Multigrid (FMG) 
The process of Full Multigrid (FMG) is designed to eliminate the large errors 
which would exist on the fine grid, before it is first used. The use of the solution 
prolonged from a coarser grid as an initial approximation will increase 
additionally the efficiency of a multigrid multilevel algorithm. 
FMG uses the same V- or W-cycle as described before, but is applied as shown 
in Figure  5-4. This example demonstrates just one V-cycle per grid level, but 
there will usually be several to obtain a reasonably converged solution. 
 
 
Figure  5-4: FMG algorithm, with one V-cycle per grid level G. 
 
At the end of each set of V-cycles this is then prolonged up to a new finest grid. 
The prolongation or interpolation up to the new finest grid is illustrated in Figure 
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 5-4 by a thicker arrow. This prolongation is usually of a higher order than the 
interpolation of corrections hHI . 
5.4 Multilevel Multi-Integration (MLMI) method 
The calculation of the elastic deformation integral of Equation (  5-32 ) is with 
O(n2) operation still too time consuming. This calculation is speed up by the 
multiscale technique, multilevel multi-integration (MLMI). In a few words, it is 
shown that, in many mathematical problems, the numerical integration (or 
summation) can be carried out on a coarser grid (e.g. having n  points), 
without reducing significantly the accuracy. 
In one space dimension, a general example would be to solve the following 
integral: 
 
( ) ( , ) ( )w x K x y u y dy
Ω
= ∫ , (  5-52 ) 
 
where the domain Ω=(a,b). The function K is referred to as the kernel and its 
discretized form as the kernel matrix. Multi-integration is applicable in situations 
where the kernel is a dense matrix and has sufficient smoothness properties. 
This means that Eq.(  5-52 ) represents a full matrix-vector multiplication. 
However, for the EHL point contact problem the kernel is singular around the 
point (i,j) (see Eq.(  5-34 )). Nevertheless, even if K is not smooth around this 
point, far enough away it is smooth to apply multi-integration techniques. 
Therefore the multi-integration is applied over the whole domain Ω with some 
correction around the singularity Ωsing. For higher dimensions, the same 
algorithm is applied separately to each dimension. 
Assume now that Equation (  5-52 ) is discretized on a regular mesh of nx points, 
separation δ=(b-a)/(nx-1), for grid level h. The single grid method for calculating 
this multi-summation at each xi=a+(i-1)δ, for i=1,…,nx is 
 








h h h hh h
i i i j j
j
w w x K u
=




i jK  is the discretized kernel and 
h
ju  is the approximation to u
h(xi). Hence 
for every point in Ω, this calculation is O(n) meaning that the evaluation of the 
summation for the whole domain is O(n2). 
For the first, the formulation is given for a smooth kernel without any singularity. 
The multi-integration is defined by two stages for the formulation of the coarse 
grid equation. An approximation to hiw  will be calculated including only 
summation of coarse grid points. After, the second dimension of the kernel 
matrix will be included using the knowledge that it displays similar behavior. In 
order to indicate the coarser level the index H is defined and I and J are the 
corresponding indices coincident with the fine grid indices i and j. Here, only two 
levels will be considered for the formulation of multi-integration. 
Consider first the coarse grid kernel, ,
hH
i JK , being the fine grid kernel evaluated at 
the coarse grid points. The fine grid kernel can then be approximated by using 




i j H i j
K I K⎡ ⎤≡ ⎣ ⎦i , (  5-54 ) 
 
where the dot (·) refers to the index on which the interpolation works. It is then 
possible to rewrite Equation (  5-53 ) as 
 
i i( ), ,,
1 1
h h
x xn nhh hhh h hh h
i j i ji j i j j
j j
w K u K K u
= =
= + −∑ ∑ . (  5-55 ) 
 
Only coarse grid points have been used to construct i ,hhi jK  and hence at 
coincident fine grid points i ,, 0
hhhh
i ji jK K− ≡ . The assumption that the kernel is 
sufficiently smooth compared to u means that also for the non-coincident points 
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the discretization error is larger than the interpolation error i ,,
hhhh
i ji jK K− . Thus 
Equation (  5-55 ) becomes 
 
i ( ), ,
1 1
h H
x xn n Thhh h hH h h
i ji j i J H
j J J
w K u K I u
= =
⎡ ⎤≈ = ⎢ ⎥⎣ ⎦∑ ∑ i , (  5-56 ) 
 
where ( )ThHI  describes a fine-to-coarse transfer operator. Because uH is 
computed using the transpose of the interpolation operator 
 
( )TH h hJ H
J
u I u⎡ ⎤≡ ⎢ ⎥⎣ ⎦i , (  5-57 ) 
 












≈ ∑ , (  5-58 ) 
 
which is an approximation to the fine grid integration without increasing the 
complexity of the algorithm from O(n). 
Applying a similar process to the x direction allows this integration to be reduced 
still further. Similar to Equation (  5-54 ) the fine grid kernel may be approximated 




i j H j i
K I K⎡ ⎤≡ ⎣ ⎦i , (  5-59 ) 
 
with all symbols defined as before. Therefore, Equation (  5-53 ) can be rewritten 
as 
 



















hh hhh h hh h
i j i ji j i j j
j j
n n
hhh Hh h hh h
i jH j j i j ji
j j
n
hhh H hh h
i jH i j ji
j
w K u K K u
I K u K K u




⎛ ⎞≈ + −⎜ ⎟⎝ ⎠
⎛ ⎞⎡ ⎤= + −⎜ ⎟⎣ ⎦ ⎝ ⎠










I jK  is an injection of the coincident fine points onto the coarser 
mesh, l ,, 0
hhhh
i ji jK K− ≡  at these points. Also, if K is sufficiently smooth in x-
direction, the interpolation error should be sufficiently small. 






h h H Hh H
i H I j Ji
j
w I w K u
=
⎡ ⎤≈ =⎣ ⎦ ∑i . (  5-61 ) 
 
Provided that K is sufficiently smooth in both x- and y-directions, combining 






h h H h hH H
i H H J Ji
J i
w I w I K u
=
⎡ ⎤⎢ ⎥⎡ ⎤≈ ≈⎣ ⎦ ⎢ ⎥⎣ ⎦
∑i i , (  5-62 ) 
 
which defines multi-integration for smooth kernels. 
 
However, in the case of an EHL contact, the kernel is singular, and hence in 
some region not smooth (Ωsing ⊂ Ω). Then a different equation is required where 
the coincident and non-coincident points between grids h and H in the x direction 
will be considered separately. 
Considering, first, the coincident points in the x-direction, Equation (  5-55 ) can 
be rewritten as 
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i i( ) i( )
sin sin
, , ,, ,
1 ( , ) ( , )
h
xn hh hh hhh h hh h hh h
i j i j i ji j i j j i j j
j i j i j
w K u K K u K K u
= ∈Ω ∉Ω
= + − + −∑ ∑ ∑ . (  5-63 ) 
 
Since only coincident points are being calculated, in the smooth region, as 





x xn nhh HHh h H
i j I Jj j I
j J
K u K u w
= =








hhh H hh h
i ji I i j j
i j
w w K K u
∈Ω
= + −∑ . (  5-65 ) 
 
For non-coincident points in the x-direction, reducing the smooth part of the 






hhh h H hh h
i ji H i j ji
i j
w I w K K u
∈Ω
⎡ ⎤≈ + −⎣ ⎦ ∑i . (  5-66 ) 
 
To sum up, the fine grid solution of the integration in equation (  5-52 ) can be 
approximated using multi-integration by first calculating the coarse grid multi-
summation, and then correcting around the singularity, as given by Equation ( 
 5-65 ), before interpolating the coarse grid multi-summation to the non-
coincident points on the fine grid, and correcting them again with Eq.(  5-66 ). 
The region of correction around the singularity is an optimum between solution 
accuracy (by having enough points) and efficiency (by not having too many 
points). For each point i in the one dimensional example above, the region 
requiring correction may be defined by Ωsing={j∈Ω:|i-j|<m}. For the EHL point 
contact, a rectangular shape is corrected over a (2m1+1)x(2m2+1) rectangle. In 
 [5], Brandt and Lubrecht found that when taking 
 












, (  5-67 ) 
 
where m1 means correction in interpolation direction and m2 means correction 
perpendicular to the interpolation direction, then the algorithm maintains O(n 
ln(n)) efficiency. 
5.5 Relaxation 
In the previous sections a short explanation of the discretized equations and the 
corresponding solution algorithms, by means of MLMG and MLMI was given. 
MLMG is used with an appropriate relaxation method. Here, the relaxation 
method itself will be briefly outlined. 
Due to the coupling of the Reynolds Equation (  5-27 ) and the film thickness 
equation (  5-32 ), because the film thickness H and the elastic deformation 
depends on the pressure P, a line relaxation method is chosen. Compared to the 
classical point wise relaxation method, the solution algorithm is more stable 
when using a line relaxation method. 
For the solution of the EHL point contact problem, two different types of 
relaxation methods, the Gauss-Seidel line relaxation and the Jacobi distributive 
line relaxation are necessary. Compared to classical point wise relaxation 
methods in line relaxation methods, instead of scanning the grid point by point it 
is scanned line by line solving simultaneously the equations of one line. 
Assuming line relaxation in the X-direction for a given line j the changes to be 
applied to the pressure for 0<i<nx of that line are simultaneously solved from a 
system of equations 
 
h hj
jjA rδ = , (  5-68 ) 
 
where hjδ  is a vector of changes ,hi jδ  and hjr  a vector with the current residuals 
,
h
i jr . Both are vectors of nx elements. The matrix coefficients ,
j
i kA  and further 
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details with regard to the solution of the system of equations are given in 
Appendix A. 
 
Next, the system of equations (  5-68 ) must be solved. Due to the dependence 
of H on P the matrix Aj is normally a full matrix and would require a long 
calculation time. However, to obtain the line relaxation efficiency it is generally 
not needed to solve the system exactly. In practice it is often sufficient to take 
into account only terms in the summations related to the direct neighbors of a 
point i. In particular it is sufficient to solve a hexadiagonal system defining all 
,
j
i kA =0 for k<i-3 and k>i+2. This hexadiagonal system can then be solved quickly 
in O(n) operations using Gaussian elimination. 
 
After the system of equations for the line j is solved, the changes ,
h
i jδ  are 





i j i j GS i jP P ω δ= + . (  5-69 ) 
 
Subsequently, the system of equations for the next line is constructed and 
solved. This process is repeated for each line of the grid. Finally using the new 
approximation 
h
P  the central offset film thickness H00 (  5-32 ) is updated with 










H H wf h Pω ⎛ ⎞⎜ ⎟= + −⎜ ⎟⎝ ⎠∑ , (  5-70 ) 
 
where ωH0 is some small constant and wfh is the right hand side of the force 
balance equation (  5-36 ). For the finest grid wfh=2π/3. The constant ωH0 is very 
important for the convergence. If this value is too small, convergence will slow 
down. If this value is too large and the changes occur too often the solution 
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cannot digest the change of H00 and the residual wrh of the force balance 







wr wf h P= − ∑ , (  5-71 ) 
 
will oscillate, which will hamper convergence of the Reynolds equation. Finally 
the approximation 
h
H  to Hh can be computed. 
 
However, with increasing pressure, around the Hertzian pressure zone of an 
EHL contact, the Gauss-Seidel line relaxation scheme becomes unstable. This 
is due to the amplification of low frequency components related to the changes 
occurring in the film thickness as a result of the changes applied to all pressure 
values. As the film thickness is defined by the summation over all pressures, it 
will accumulate the changes made to the pressure in the entire field. 
Furthermore, at high pressures and therefore very small ε (Equation (  5-29 )) the 
Reynolds Equation (  5-27 ) reduces to 
 
( ) ( ) 0h h
x t
H Hρ ρ− ≈ , (  5-72 ) 
 
which is an equation in X-direction only and consequently there is no coupling in 
Y-direction. 
The cure for this kind of instability is distributive line relaxation. When relaxing a 
point (i,j), changes are not only applied to the point (i,j) but also to a few of its 
neighbors in such a way that the local equation (  5-27 ) is solved as usual, but 
that the resulting changes in the integral (and thus H) are essentially local. 
The system of equations to be solved for each line j is basically the same as 
explained above, however the matrix coefficients ,
j
i kA  are defined differently as 
shown in Appendix A. 
Chapter 5                                               Numerical investigations 
 
 133 
After solving the system of equations for the changes ,
h
i jδ , subsequently, these 
changes are applied distributively in the same way as explained before. The new 
approximation at ,
h
i jP  when using Jacobi distributive line relaxation is given by 
 
i ( )( ), , , 1, 1, , 1 , 1 / 4h h h h h h hi j i j JA i j i j i j i j i jP P ω δ δ δ δ δ+ − − += + − + + + , (  5-73 ) 
 
with some underrelaxation factor ωJA. 
The correct choice of the line relaxation method is defined by the parameter ε. 
 
lim2h
ε ε>  Gauss-Seidel line relaxation 
lim2h
ε ε≤  Jacobi distributive line relaxation 
 
From practical test carried out by Lubrecht and Venner  [91] it was found out that 
best results are obtained if the switch parameter εlim≈0.3. 
At this point, it should be mentioned that, more detailed as well as excellent 
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CHAPTER 6        
         
             
SOLVING TRANSIENT EHL PROBLEMS 
 
 
Most EHL problems of practical interest are transient. In many applications it is 
important to model the reaction of the system to changing conditions. In EHL 
simulation, often the change in speed, load or both is of interest. Also, problems 
involving surface roughness are transient problems, because the micro 
geometries are moving through the contact. Thus the pressure and film 
thickness have to be solved as a function of time. The variable time adds 
another dimension to the problem and augments the time required for a 
numerical solution. Starting from a stationary MLMG/MLMI solver, as a first step 
it must be extended to include transient effects. 
6.1 Implementation of the transient term 
The dimensionless transient Reynolds Equation was already introduced in 
section  5.2.5, however, for completeness the discrete transient operator at 
gridpoint (i,j) will be given here. Using a second order accurate finite difference 
discretization for the Poiseuille terms, and a second order upstream 
discretization for the wedge and squeeze term (transient term = temporal 






1/ 2, , 1, , 1/ 2, , 1/ 2, , , , 1/ 2, , 1, ,
, , 2
, 1/ 2, , 1, , 1/ 2, , 1/ 2, , , , 1/ 2, , 1,
2
, , 1,, , 1, ,1.5 2
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 (  6-1 ) 
 





, , 1, ,
1/ 2, , 2
h h
i j t i j th
i j t
ε εε ±± +=  
, , , 1,
, 1/ 2, 2
h h
i j t i j th
i j t
ε εε ±± += . 
(  6-2 ) 
 
At the first line near the boundary, again a first order discretization for the 
wedge- and squeeze term is used. All other equations (  5-32 ) to (  5-38 ) remain 
basically the same. If the mesh size and the timestep are chosen equal, then the 
wedge- and squeeze term approximation will have zero discretization error in the 
characteristic direction X=T. 
Compared to the transient Reynolds Equation given by Venner  [91] a little but 
important change is introduced into the wedge term as suggested by Goodyer 
 [37]. The contribution of the wedge term is scaled to the original speeds of the 
two contact surfaces (velocity when starting the transient simulation), by 
introducing the reference velocity us(0), where 
 
1 2(0) ( 0) ( 0)s refu u u T u T= = = + = . (  6-3 ) 
 
This is then used to scale us, the new sum of the roller speeds, where 
 
1 2( ) ( ) ( )su T u T u T= + . (  6-4 ) 
 
When solving transient problems with roughness, a reference speed is not 
necessary; however, the aim is the simulation of a reciprocating rolling point 
contact. In this case the surface velocities will change the direction and therefore 
pass zero velocity. Comparing for completeness the parameter λ and ε of 
Goodyer and Venner 
 





































it can be seen that, without reference velocity, us(0), in case of using λVenner, at 
zero or very low velocities (during the reversal of speed) the simulation would 
stall due to the division by zero in ε. 
 
The system of equations, explained in section  5.5, defined as 
 
h hj
jjA rδ = , (  6-5 ) 
 
is basically the same for transient problems. However, some extensions are 
necessary and briefly shown for the case of a Gauss-Seidel line relaxation. With 
the same definitions given in Appendix A, the residuum for a Gauss-Seidel point 
(i,j) is calculated by 
 
 i  ( ) i  i
  ( ) i  i
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( )
i i i i i i
i
1, , 1,1/ 2, 1/ 2, 1/ 2, 1/ 2,
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, 1 , , 1, 1/ 2 , 1/ 2 , 1/ 2 , 1/ 2
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H H Hu T
u h
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ρ ρ ρ
ρ
− +− − + +







i , , , , 1 , , 2, , 1 , , 22 0.5
h hh h h
i j t i j t i j ti j t i j tH H H
T
ρ ρ− −− −− +
Δ
 (  6-6 ) 
 
with ( ), , 1, , 1 hi j ti j t Pρ ρ −− = . 
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= ∂  (  6-7 ) 
 
then the new coefficients are defined as: 
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 (  6-10 ) 
 







































 (  6-11 ) 
 
A similar change needs to be done for the Jacobi distributive line relaxation 
scheme. All further steps in solving the system of equations for each line j are 
basically the same like in the stationary scheme. 
Nevertheless, because of the addition of the squeeze term to the problem, the 
solution method for transient problems differs slightly from that for steady state 
cases. Physically this causes a different effect in the way the contacts deform. In 
a case where the velocity changes the direction (e.g. oscillating contacts) at the 
point of reversal the surface velocities is zero. A steady state solver would then 
predict zero film thickness, representing the surfaces impacting upon each other; 
however the squeeze effect ensures that this never happens. 
The starting point for any transient problem is to solve a steady state case for 
the initial timestep (T=0). Ones the initial (T=T0) solution has been obtained, a 
timestep ΔT, is taken and the temporal derivatives will be included. After the first 
timestep the solution should be nearly identical to the steady state solution. 
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However, small differences could be due to the temporal derivatives being 
extended to the end of the previous multigrid cycle. In general the initial solution 
at the next time step is taken to be the converged solution from the end of the 
previous step. 
In this work, depending on the problem, the coarse grid correction cycle or the 
more advanced F-cycle has been used to obtain convergence at each timestep. 
The F-cycle, schematically illustrated in Figure  6-1, is a kind of FMG cycle, 




Figure  6-1: F-cycle, after the timestep the previous solution, indicated by the 
double circle, is restricted from the finest level to the coarsest grid level. 
 
The restriction of the initial solution to the coarsest grid is done without any pre-
relaxations, and then the FMG-cycle is started at the coarsest grid. This allows 
the low frequency errors induced by the timestep to converge before going to a 
finer grid. For more detailed information the reader is referred to Brandt  [6]. 
Theoretically, if the solver starts a timestep with a solution that is already within 
the allowed error tolerances, then no further work should be necessary. 
However, even if the convergence criterion is immediately reached after a 
timestep, at least two multigrid cycles have been always performed. If not 
explicitly stated otherwise then a converged solution is obtained whenever the 
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where ijP  is the current approximation of P after a multigrid cycle and i ijP  the 
previous approximation. 
Equation (  6-12 ) controls the load balance whereas Equation (  6-13 ) controls 
the convergence of the pressure solution. There exist also other convergence 
criteria. For example Goodyer  [37] used the Shampine convergence test where 
an error tolerance is defined together with a suitable norm (e.g. the root mean 
square norm). 
 
When solving transient problems, in addition to the principal changes in the 
discretized equations and relaxation schemes also some important changes in 
the periphery must be done and will be briefly mentioned. 
Using a second order upstream discretization for the squeeze term it stands out 
that during the calculation process the film thickness H and the pressure P of 
two previous time steps must be stored. For this purpose, in a multigrid 
algorithm, it is not necessary to store a matrix of H and P for every grid level. 
One matrix for Ht-2, Ht-1, Pt-2 and Pt-1 containing the values at the finest level is 
sufficient. When using a coarse grid correction cycle, or an FMG algorithm, a 
complex restriction and interpolation of the matrices containing the values of the 
previous time steps is also not necessary, because the values of the previous 
timesteps are the previous solutions. If a value of a previous time step at a 
coarser grid is needed, then the coarse grid value is obtained by simple injection 
of the ‘finest grid matrix value’ (matrix containing the values of the previous time 
step). 
 
The data output and their correct treatment should also not be neglected. In 
general, an efficient numerical solver allows one to generate huge amounts of 
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data in short times. As the calculations are performed in double precision, just 
storing the pressure and film thickness distribution at each timestep, depending 
on the finest grid and amount of timesteps defined, would generate easily 
Gigabytes of data. 
In order to reduce the amount of data, it can be chosen between a complete 
output, a matrix of the film thickness or pressure solution at every timestep 
(maximum data output) or at every ‘n-timestep’. However, at every timestep at 
least an output of the mid-plane profile in X- and Y-direction, for the film 
thickness as well as pressure solution is always given. The mid-plane profiles 
can be found in four different txt-files; one file for the X-direction mid-plane film 
thickness, one for the Y-direction mid-plane film thickness, one for the X-
direction mid-plane pressure and one for the Y-direction mid-plane pressure. 
Each file is organized as schematically shown in Table  6-1. 
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6.1.1 Verification and comparison for a transverse ridge 
After developing an EHL program version for time dependent problems, it was 
necessary to verify the correctness of the program. For this reason some 
simulations have been conducted and compared with results found in literature. 
If for example the effect of surface roughness or micro geometry are to be 
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studied, the problem becomes inherently time dependent. Then the pressure 
and film thickness have to be solved as a function of time with the micro 
geometry moving through the contact. 
As an example, a ridge was included in the surface of the contact by adding to 
the rigid body geometry term in Equation (  5-14 ) an additional term. The term 
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Xd describes the ridge position, A the dimensionless amplitude and W is here the 
dimensionless wavelength of the surface feature. Using the numerical 
parameters as shown in Table  6-2, a comparison with Venner et al  [90] has 
shown good agreement. Some results are shown in Figure  6-2. 
 



































Figure  6-2: Ridge passing through a circular EHL contact under pure rolling, 
ue=0.01075 m/s, W=0.7, A=0.075, mid-plane film thickness-, pressure 
diagrams and pseudo-interferograms. 
 
6.1.2 Verification and comparison for a traversing cavity 
A similar procedure as described above was also done for a cavity. In this case 
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Xd and Yd describing the cavity position, XS the start position of the cavity, 
S=u1/ue, T is a dimensionless time; A is a dimensionless amplitude and R a 
dimensionless radius. 
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Figure  6-3: Micro-cavity passing through a circular EHL contact under pure 
rolling, ue=0.09 m/s, R=0.114 (15.5 μm), A=0.117, mid-plane film thickness-, 
pressure diagrams and pseudo-interferograms. 
 
Choosing the parameter shown in Table  6-3, the obtained results are 
corresponding relatively well with Mourier et al  [66]. Differences were found only 
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for the pressure values at the border of the cavity (higher pressure peaks) and 
may be explained by the use of a different discretization in  [66] (narrow order 
upstream discretization). 
6.2 Reversal of entrainment 
The two transient simulations with a micro geometry shown before have still 
some steady state character. As a next logical step, the reversal of velocity in 
order to simulate a reciprocating EHL contact was implemented. The reversal of 
entrainment is a critical situation for EHL components in industry, because many 
wear problems are associated with this case (e.g. cam applications). 
For this purpose the discretization of the direction depending advection term and 
some cavitation conditions had to be modified. This means, once the 
entrainment direction has been reversed, the direction of the discretization of the 
wedge term also needs to be changed. For example, when using the first and 
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for second order discretization and at the first line near the boundary (i=1) the 
equation must be replaced by a first order discretization: 
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ρ ρ++ − . (  6-17 ) 
 
The same modifications of the discrete equations need to be done inside the 
function which solves the system of equations for line relaxation. Furthermore it 
is important that the calculation domain is symmetric, otherwise under transient 
conditions different results will be obtained for the same but reversed velocity. 
As an example, under steady state conditions, if for a positive entrainment 
velocity an unsymmetrical domain like -4≤X≤2 is used, in order to have for the 
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same but negative entrainment velocity the same but mirrored result, then the 
domain needs to be changed to -2≤X≤4. 
6.2.1 Example of entrainment velocity reversal 
The example of reversal of entrainment with no change in the applied load starts 
from a steady state solution. As illustrated in Figure  6-4, the oil entrainment 
velocity is linearly decreased from, ue=0.05 m/s, through 0 m/s, the point of 
reversal, until reaching typically ue=-0.05 m/s. Pseudo-interferograms at different 
times are shown in Figure  6-5. As the point of reversal is reached, a saucer of 
highly viscous oil forms in the centre of the contact seemingly trapped between 








Figure  6-4: Velocity pattern, reversal of entrainment. 
 
This then proceeds across the domain towards the new outflow before the 
deformation of the surface takes up its characteristic horseshoe shape at the 
reverse side of the contact. The numerical parameters defined for this example 
are shown in Table  6-4. 
 






129 x 129 points
-2≤X≤2
-2≤Y≤2
1.4 x 1011 Pa
2.1 x 10-8 Pa-1
0.525 Pa s
0.0127 m
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The results have been compared with Goodyer  [37], who in turn compared his 
results with Scales et al  [78]. In  [78] the numerical results have been compared 
with experimental measurements by using optical interferometry. 
In Figure  6-6 the central and minimum film thickness results as well as the 
numerical constant h00 (rigid body approach) is shown. The results are in good 
agreement with Goodyer and Scales. Thus, at this point it could be concluded 
that the transient simulation program worked correctly. 
 
 
Figure  6-5: Pseudo-interferogram results for reversal of entrainment. 
 
 
Figure  6-6: Left: Minimum and central film thickness over time; Right: Central 
offset film thickness (h00=rigid body approach). 
 
6.3 Implementation of starvation effects 
In the previous sections it was assumed that the gap between the two lubricated 
bodies is completely filled with oil, and thus that sufficient amounts of oil are 
present in the inlet. Whenever the quantity of oil is insufficient, the generated oil 
film thickness will be smaller than predicted by fully flooded theory. 
The effect of insufficient amounts of oil needed to be implemented in order to 
predict in reciprocating EHL contacts the correct film thickness. 
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6.3.1 The Elrod algorithm 
Although the cavitation condition, ensuring P≥0, is sufficient for simulating a 
single cavitation boundary, it cannot simulate pressure generation from a 
starved region. In order to correctly describe this problem the Reynolds equation 
(  5-13 ) has to be expanded to include the parameter θ which describes the ratio 
of the height of the lubricant layer at the inlet, denoted by Hinlet, to gap height H 
at that location: 
 
( , , )( , , )
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where Xa denotes the position of the inlet boundary of the dimensionless 
calculation domain. An extended Reynolds equation was proposed by Elrod  [28] 
describing the flow in the complete and incomplete zone: 
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The discretization of the modified Reynolds equation (  6-19 ) is very similar to 
the standard Reynolds equation (  5-27 ). A standard second order discretization 
for the Poiseuille term and a standard upstream discretization for the wedge 
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All other discretized equations used are basically the same as described in 
section  5.2.7. 
In the incomplete or starved region no pressure is generated: P=0 and 0≤θ<1. In 
the complete or pressurized region P≥0 and θ=1. Indeed, Eq. (  6-19 ) reduces to 
the classical Reynolds equation if θ=1. All told, to obtain a unique solution, the 
following complementary conditions must be fulfilled: 
 
P(X,Y,T)(1-θ(X,Y,T))=0 with P(X,Y,T)=0 if 0≤θ(X,Y,T)<1, and P(X,Y,T)≥0 if 
θ(X,Y,T)=1 
 
It is subsequently assumed that, in the starved region, the lubricant is 
continuously distributed across the film and thus can be modeled as a 
continuum. However, since the lubricant only partly fills the gap, the density of 
the continuum has to be adjusted accordingly. The density of the vapor or 
surrounding medium is neglected and the density of the continuum in the 
starved region is set equal to θρ, where ρ is the density of the lubricant. Since 
obviously the pressure equals the cavitation pressure, the sole mechanism for 
transport of lubricant in the starved region is Couette flow. 
The position of the boundary between the pressurized and starved regions, 
referred to as the meniscus, is unknown and in time dependent situations, this 
position may even change in time. Hence, an algorithm must be able to find this 
position automatically. This differs from the boundary conditions for the classical 
Reynolds equation. Instead of specifying the pressure, one now needs to specify 
also the fractional film content θ on the boundary of the domain. 
In the pressurized zone, similar problems arise as those encountered in the fully 
flooded situation described in section  5.5. That is to say, in the low pressure 
region, the Gauss-Seidel line-relaxation is needed, whereas Jacobi distributive 
line-relaxation is required in the high pressure zone  [91]. Thus, it is convenient to 
include the relaxation of the fractional film content θ in the cavitation region in 
the system of equations  [94]. 
If a point inside the domain (P or θ) changes its state, from a starved point to a 
pressurized point or vice versa, verification whether the change was legitimate is 
done by additional one-point Gauss-Seidel relaxation for P and/or θ. The 
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relaxation scheme, as illustrated in Figure  6-7, prevents those points of P and θ 
close to the boundary to swap always between different solutions. Otherwise the 
convergence of the algorithm would stall. 
 
 
Figure  6-7: Relaxation scheme for starved lubricated contacts (source:  [94]). 
 
Introducing Hoil=Hinlet and Hcff as the central film thickness at fully flooded 
conditions, it is possible to express the starved film thickness as a ratio of 
Hoil/Hcff. For example, a ratio of Hoil/Hcff=4 is similar to fully flooded conditions. 
The reduction of the ratio corresponds to a reduction of the oil amount at the 

















Figure  6-8: Mid-plane film thickness profile in Y-direction showing the influence 
of the inlet oil film Hoil, M=58, L=7.3 (pHz=0.5 GPa, α=2.1x10-8 Pa-1, 
η0=0.225 Pa s). 
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As can be seen in Figure  6-8, when reducing the amount of available lubricant, 
the film thickness diminishes, but also the film thickness variation reduces. The 
film thickness profile becomes more and more Hertzian. 
In Figure  6-9 and Figure  6-10 is shown exemplarily the film thickness, pressure 
and fractional film content profile in X-direction for fully flooded and starved 
conditions having a ratio of Hoil/Hcff=4. 
 














Figure  6-9: Mid-plane film thickness, pressure and θ (Th) profile in X-direction 
fully flooded, M=58, L=7.3 (pHz=0.5 GPa, α=2.1x10-8 Pa-1, η0=0.225 Pa s). 
 
In Figure  6-10 one clearly observes a part of the domain, for which the value of 
the fractional film content is unity, which corresponds to the region of positive 
pressures. 
 













Figure  6-10: Mid-plane film thickness, pressure and θ (Th) profile in X-direction 
for Hoil/Hcff=4, M=58, L=7.3 (pHz=0.5 GPa, α=2.1x10-8 Pa-1, η0=0.225 Pa s). 
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This confirms that the solution complies with the complementary condition. That 
is to say, the region in which P>0 exactly matches the region in which θ=1. In 
addition, as expressed by the Jakobsson-Floberg-Olsson (JFO) relation, the 
discontinuity in θ clearly shows. (The JFO relation for steady state conditions 
states that, a discontinuity exists only at the inlet of the pressurized region.) It is 




Figure  6-11: Lubricant distribution θH(X,Y) for Hoil/Hcff=4, M=58, L=7.3 
(pHz=0.5 GPa, α=2.1x10-8 Pa-1, η0=0.225 Pa s). 
 
In Figure  6-11 the lubricant layer or lubricant profile θH is shown for the 
conditions stated before. This may seem a peculiar quantity to depict, but, it is 
very useful to explain phenomena in starved contacts. That is to say, in the 
starved region, θH represents the amount of oil in the gap, as if it were adhered 
onto a single surface. In the pressurized region, it is simply the film thickness. 
Thus, if the lubricant completely adheres to the raceway, one would observe the 
lubricant film of Figure  6-11, as if the observer is looking through a transparent 
rolling element. The corresponding fractional film content distribution is 
illustrated in Figure  6-12. It can be seen that θ becomes unity close to the 
Hertzian contact region and takes a form which is similar to oil meniscuses as 
common in experimental observations of starved EHL contacts. 
 









Figure  6-12: Fractional film content distribution θ(X,Y) for Hoil/Hcff=4, M=58, 
L=7.3 (pHz=0.5 GPa, α=2.1x10-8 Pa-1, η0=0.225 Pa s). 
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CHAPTER 7        
         
                 




In  Chapter 5 and  Chapter 6 a theoretical introduction of the basic governing 
equations and the necessary mathematics needed for understanding the basic 
idea of the algorithm was given. A program capable of simulating an EHL point 
contact under transient and starved conditions was developed. Some of the 
results obtained have been compared with literature and shown good 
agreement. As a next step the program was modified in order to simulate the 
effect of cavitation. This is important in common engineering situation such as 
reciprocating motion. In this field few studies exist and are still of interest 
because the lubrication state of oscillating machine elements is often influenced 
by cavitation phenomena. After reversal of the rolling direction the outlet region 
becomes the new inlet region and thus the cavitation produced beforehand in 
the outlet region can be entrained into the conjunction (see Figure  7-1). 
 
 
Figure  7-1: Cavitation in reciprocating EHL contacts; Interferograms, 
Ø25.4 mm steel ball/glass plate. 
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The knowledge of the lubrication state of such EHL contacts working under non-
steady state conditions is very important in order to prevent wear or failure. 
7.1 Cavitation in EHL contacts 
First it is necessary to take a closer look on the cavitation conditions in EHL 
contacts. In EHL, most works assume the classical Reynolds cavity boundary 
conditions. This means that, the pressure gradient at the outlet goes to ambient 
pressure, or simply in numerical works, whenever the pressure becomes 
negative, the pressure is set to ambient pressure (or zero gauge pressure). For 
most applications this assumption is valid. Here, however, based on 
observations, a cavity pressure lower than ambient pressure is assumed. Chiu 
 [12], for example, reported that, depending on the kinematics the fluid pressure 
in the depressed oil layer behind the EHL contact can be lower than the ambient 
pressure. He suggested a partial vacuum in the cavitated zone. 
 
 a)  b) 
pcav< ambient pressure                           pcav= ambient pressure 
Figure  7-2: Observations and schematic illustrations showing a) an enclosed 
type cavity and therefore a cavity pressure lower than the ambient pressure 
can be assumed; b) cavity breaking through the oil meniscus and therefore an 
ambient pressure can be assumed. 
 
This assumption is often valid for reciprocating motions or for unidirectional 
motions with low speeds. 
Investigations with a glass disc and a steel ball using optical interferometry 
made it possible to distinguish between two cavity types, an enclosed type 
cavitation region and an open type cavitation region. (To be accurate this 
differentiation between two cavity types has been done for convenience 
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reasons.) As shown in Figure  7-2 a), an enclosed type cavity is developed. The 
cavity is fully surrounded by oil and a cavity pressure lower than the ambient 
pressure can be assumed. In a normal unidirectional rolling contact, after a short 
time the early stage of a cavity would just break through the oil meniscus and an 
ambient pressure can be assumed, as shown in Figure  7-2 b). 
The cavity type shown in Figure  7-2 a) can be associated often to reciprocating 
EHL contacts. Evidence of a cavity pressure lower than ambient pressure has 
been found indirectly by observing particles close to the cavitation region at the 
outlet of an EHL contact. 
 
 
Figure  7-3: Partial vacuum in enclosed type cavity – (from left to right) particle 
flow towards the cavitation region. 
 
The interferograms in Figure  7-3 show the flow of lubricant oil around the contact 
region. Small particles dispersed in the lubricant go around the contact area 
moving outward from the inlet region and inward in the outlet region (pressure 
flow). This suggests that the pressure inside the cavity is smaller than ambient 
pressure. In the EHL outlet region the gap diverges rapidly, the pressure 
decreases and consequently the cavitation phenomenon occurs. Thus, the oil 
around this region flows towards this region to fill the gap. However, the lubricant 
viscosity inhibits the oil to flow immediately in and a vacancy below zero gauge 
pressure emerges. 
So far in numerical simulations, whenever the updated pressure after the 
relaxation process is smaller than zero then the pressure is set to zero (P=0). 
This standard cavitation treatment (see  Chapter 5 and  Chapter 6) does not hold 
anymore for the enclosed type of cavitation. Unfortunately, in case of enclosed 
type cavitation, an exact value for the pressure inside the cavitation region could 
not be found in literature. 
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7.1.1 Measurement of cavity pressure 
A first reference value for the cavitation pressure was obtained by a relatively 
simple experiment. The test rig used is illustrated in Figure  7-4. All told, the 
vacancy pressure inside a glass syringe filled with oil was measured. As shown 
schematically in Figure  7-4 and Figure  7-5, the test rig is equipped with a 
displacement sensor and a pressure sensor inside the syringe. 
 
 
Figure  7-4: Schematic view of the test rig used to estimate the cavity pressure. 
 
In Figure  7-6 some exemplary test results are presented. The left diagram 
shows the displacement of the piston and corresponding change in pressure. 
The diagram on the right shows the relation between the piston displacement 
and vacancy pressure. 
 
 
Figure  7-5: Vacancy pressure measurement inside the syringe. 
 
To sum up, the pressure measured inside a visible vacancy, when pulling the 
piston of the syringe, was near absolute vacuum pressure (-0.1013 MPa), 
smaller than -0.095 MPa. Furthermore, first bubbles in the oil of the syringe have 
been also observed at about 70% of the vacuum pressure. In real EHL 
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conditions, therefore, the authors assume that the cavity pressure can be around 
70 to 100% of vacuum pressure. 
 
 
Figure  7-6: Experimental results – diagrams showing the displacement (grey 
line) and corresponding vacancy pressure (black line). 
 
For numerical simulations, however, a reference cavity pressure as that of 
vacuum pcav=-0.1013 MPa is assumed. 
7.2 Simulation of the cavitation region 
In order to simulate the cavitation region at the outlet of an EHL contact, the 
Elrod algorithm introduced in section  6.3.1 had to be modified. The idea behind 
the Elrod algorithm keeps the same, however a cavity pressure pcav was defined. 
The fractional film content θ defines the cavitated region. That is, in the 
cavitation region 0<θ<1 and in the pressurized region θ=1. Therefore, to obtain a 
unique solution, the following complementary conditions must be fulfilled: 
 
P(X,Y,T)=Pcav if 0≤θ(X,Y,T)<1, and P(X,Y,T)≥Pcav if θ(X,Y,T)=1, 
 
where Pcav is the dimensionless cavity pressure defined as Pcav=pcav/pHz. 
Cavitation is simply taken into account by setting the pressure to the cavity 
pressure (not zero gauge pressure P=0 like in a standard EHL algorithm), 
whenever negative pressures below the cavity pressure are encountered in the 
relaxation scheme. This means that, the cavity zone is determined by allowing 
the pressure to go below the zero gauge pressure but above the preset cavity 
pressure. 
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Again, the position of the cavitation region boundary is unknown and hence the 
algorithm must be able to find this position automatically. In the low pressure 
region, the Gauss-Seidel line-relaxation is needed, whereas Jacobi distributive 
line-relaxation is required in the high pressure zone. The relaxation of the 
fractional film content θ in the cavitation region is included in the system of 
equations. To stabilize the relaxation scheme, if a point inside the domain (P or 
θ) changes its state, from a cavitated point to a pressurized point or vice versa, 
verification whether the change was legitimate is done by one-point Gauss-
Seidel relaxation. Figure  7-7 illustrates the relaxation scheme. 
 
 
Figure  7-7: Relaxation scheme for cavitated region in EHL contacts. 
 
Since the difference of cavity pressure, |pcav|, from the ambient pressure is much 
smaller than the EHL pressures in the contact zone, a special convergence 
criterion was chosen for the pressure solution. After a multigrid correction cycle 
(see e.g.  [91]), on the finest grid, the maximum pressure difference 
(ΔPij=|Pij(pre)-Pij(now)|) found in the whole calculation domain is compared with 
a threshold. The threshold is set to be around 1 to 5% of the absolute value of 
the dimensionless cavity pressure (Pcav=pcav/pHz) (this results in threshold 
numbers around 1x10-6 to 1x10-5 depending on the load conditions). 
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Some unexpected problems occurred when developing the algorithm. For 
example, first the cavitation region was not stable and grew with increasing 
iterations (or coarse grid correction cycles). After some investigation it was found 




Figure  7-8: Free cavitation border problem at different grid levels. 
 
In Figure  7-8 one can imagine the problem. The black dots illustrate the border 
of the cavitation region (e.g. the transition between θ<1 and θ=1). After updating 
the position of the cavitation border on the finest grid and switching to a coarser 
grid the position found previously will change when updating again at the 
coarser level. This leads to an unstable boundary which tends to increase with 
every coarse grid correction cycle. The problem was solved simply by allowing 
the updating process of the cavitation boundary only on the finest grid level. 
Consequently the algorithm did not stall anymore and the cavitation region 
became stable. Finally, an enclosed type cavitation region could be simulated. 
7.2.1 Output of the program 
Following some typical results are illustrated under steady state and fully flooded 
conditions. These simulations have been carried out on a rectangular domain of 
-16<X<16, -16<Y<16 with six grid levels having a finest grid of 513x513 points. 
In Figure  7-9, additional to the typical EHL pressure and film thickness profile, 
one will find at the outlet a cavitated area, represented by the lubricant profile 
θH. 
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Figure  7-9: Dimensionless mid-plane pressure P, film thickness H and amount 
of oil θH in X-direction, Ø25.4mm steel ball/glass plate, 5 N, 20 mm/s, BS oil (α 
of 26.3 GPa-1, 1.375 Pa·s@20°C), pcav=-0.1013 MPa. 
 
A two dimensional output of the fractional film content θ is shown in Figure  7-10. 
It can be seen that θ adopts a form similar to the cavitation observations 
presented before (see Figure  7-3). 
 
 
Figure  7-10: Fractional film content distribution θ(X,Y), Ø25.4 mm steel 
ball/glass plate, 5 N, 20 mm/s, BS oil, pcav=-0.1013 MPa. 
 
Under fully flooded conditions θ is mostly unity, but a limited area at the EHL 
contact outlet (position (0,0)) is less than unity (indicated by different colors). A 
better representation is given in Figure  7-11. The interferogram on the right, 
recorded at test conditions similar to the simulation, resembles relatively well the 
fractional film content distribution on the left (contour lines of θ). 
 




Figure  7-11: Numerical simulation (θ) (left), interferogram (right) Ø25.4 mm 
steel ball/glass plate, 5 N, 20 mm/s, BS oil, pcav=-0.1013 MPa. 
 
In Figure  7-12 are shown some additional results applying a higher load of 30 N 
and velocity of 50 mm/s. As expected with higher load the pressure distribution 
becomes more Hertzian. 
 









































Figure  7-12: Dimensionless mid-plane pressure P, film thickness H and amount 
of oil θH in X-direction, Ø25.4 mm steel ball/glass plate, 30 N, 50 mm/s, BS oil, 
a) pcav=-0.1013 MPa enclosed type cavity and b) pcav=0 (zero gauge pressure) 
open type cavity. 
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The effect by introducing a cavity pressure is illustrated again. Similar to the 
explanation given previously, two types of cavitation regions can be simulated. 
The enclosed type cavity occurs if a cavity pressure is defined (Figure  7-12 a). 
Otherwise by assuming zero gauge pressure (standard EHL calculation) the 
open type cavity (Figure  7-12 b) occurs. 
7.3 Parametric study and equation for cavity length 
Investigations using numerical simulation tools are very important; however, 
from the practical point of view the usage is often limited. MLMG programs are 
relatively complicated and require some detailed knowledge. Therefore, if 
possible, research should focus on finding easy to use equations for engineering 
applications. 
Further preliminary numerical investigations and the above presented simulation 
results have shown good agreement with experiments (see Figure  7-13). This 
encouraging fact suggested that the assumption of a cavity pressure is correct. 
In addition, it could be concluded that a correlation between the cavitation region 
and the EHL film thickness defining parameters (e.g. the entraining velocity and 
load) may exists. 
 
 
Figure  7-13: Example: preliminary comparisons between simulation and 
measured results. 
 
At this point, the developed MLMG algorithm was used as tool in order to look 
on the effect of defined parameters on the cavitation region. In other words, a 
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parametric study has been carried out in order to develop an empirical equation 
that predicts cavity length. This is a first step in theoretically determining the 
relationship between the starvation and cavitation phenomenon, particularly in 
reciprocating contacts. 
7.3.1 Dependency of cavity length on Moes parameters 
Many simulations are necessary to analyze the general behavior of the cavity 
length. In this work the cavity length is defined as the distance between the EHL 




Figure  7-14: Definition of cavity length (entrance of lubricant from right to left). 
 
As a first step, the dependency of entraining speed ue and load W on cavity 
length was studied. In general, it was found that the dimensionless cavity length 
(Xc/a, a=Hertzian contact radius) increases with increasing velocity and 
decreases at higher load conditions. Nevertheless, for engineering applications, 
a simple correlation between the cavity length, entraining velocity and load is of 
limited use. This is because the EHL contact conditions are defined not only by 
the speed and load, but also by many other independent parameters, such as 
the properties of the contacting materials, the radius of curvature or the 
properties of the lubricant. 
Therefore, in order to derive an equation for the cavity length it is convenient to 
use dimensionless parameters. In the past different sets of dimensionless 
parameters have been proposed to characterize EHL contacts. It does not really 
matter much which set is used, as long as it uses the minimum number and no 
redundant parameters are introduced. Preliminary simulations have shown that 
the set of the well known dimensionless Moes parameter M and L, introduced as 
Equation (  5-19 ) and (  5-20 ), is very convenient. 
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Some accuracy considerations need to be taken into account. In many 
simulations focused on the film thickness and shape, the domain is chosen 
usually as small as possible to optimize the ratio between number of nodes 
necessary and resulting mesh size. The fewer points the faster the calculation. 
But this results in a larger mesh size which in turn reduces the numerical 
accuracy. 
 

























A large domain is necessary in order to simulate for the cavity length. By having 
some drawbacks with regard to the calculation speed, a large amount of 
1025x1025 nodes was chosen. As a comparison, a domain of 2≤X≤2 and 
2≤Y≤2, using a finest grid with 129x129 nodes, leads to a grid size ∆X and ∆Y of 
0.03125. The large domain of 16≤X≤16 and 16≤Y≤16 with 1025x1025 nodes will 
have the same grid size. A more elegant way is to use the adaptive grid method 
as reported in  [37]. This feature will be addressed in future works. 
Simulations have been conducted under steady state conditions for an oil 
(similar to a mineral bright stock BS) having a pressure viscosity index α of 
26.3 GPa-1 and a viscosity η0 of 1.375 Pa·s @20°C. The input parameters used 
for the parametric study on cavity length are summarized in Table  7-1. 
For EHL contacts different regimes of asymptotic behavior can be distinguished. 
In terms of M and L these regimes are listed in Table  7-2. The range of M and L 
chosen for this parametric study is wide enough to cover mostly all regimes 
interesting for engineering applications. Charts are created giving the 
dimensionless cavity length as a function of M and L. 
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Table  7-2: Regimes of EHL solutions in terms of M and L. 
Elastic piezoviscous (EP)largelarge
Elastic isoviscous (EI)small (0)large
Rigid piezoviscous (RP)largesmall




Unfortunately, no such study was carried out before. In Nishikawa  [68] the 
behavior of the central film thickness in a reciprocating EHL contact was studied 
as a function of the cavitation region (called bubbles) entrained into the 
conjunction and stroke length. They reported a reduction in film thickness with 
increasing frequency or decreasing stroke length, however the length of the 
cavity was not studied explicitly. Thus, so far no reference values exist for cavity 






















Figure  7-15: Central film thicknesses Hcen simulated and calculated by  [41] for 
a Ø25.4 mm steel ball/glass plate, for several M and L Moes parameter (empty 
and filled circles for better differentiation only). 
 
Some certainty may be given if the calculated film thicknesses, also when using 
a large domain, agree with standard EHL film thickness formulas. In any case, a 
comparison of the estimated cavity length with experimental observation was 
carried out, but this will be reported later. 
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Figure  7-15 shows lines of central film thickness calculated by the Hamrock & 
Dowson equation, as found in Hamrock  [41] for the piezoviscous elastic (PE) 
lubrication regime, and simulation points. Simulated film thicknesses show good 
agreement with the EHL theory. 
A curve fitting of the points shown in Figure  7-15 results in the equation 
 
0.7 0.561.1cenH M L
−= ×  (  7-1 ) 
 
The equation was obtained for a limited simulation range and therefore predicts 
only for Moes parameters around 10<M<1000 and 2.5<L<20 central film 
thickness values similar to Hamrock & Dowson equation. 
In Figure  7-16 and Figure  7-17 are shown the dependence of the dimensionless 
cavity length (Xc/a) on the parameters M and L. For clarity, lines fitted to the 
simulation points are also shown in the figures. 
 






















Figure  7-16: Cavity length over M for different L (empty and filled circles for 
better differentiation only). 
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Figure  7-17: Cavity length over L for different M (empty and filled circles for 
better differentiation only). 
 
In general, it can be seen that the dimensionless cavity length decreases with 
increasing Moes parameter M and vice versa increases with increasing Moes 
parameter L. An increase of the Moes parameter M can somehow be associated 
to an increase in load and an increase of the Moes parameter L somehow to an 
increase in velocity. 
An analysis of the data presented above leads to the correlation: 
 
0.27 0.39.2Xc M L
a
−= ×  (  7-2 ) 
 
Comparison between Eq. (  7-2 ) and experimental investigations has shown 
good agreement when using BS oil; however, for different oils big discrepancies 
have been found. Further investigation was necessary. 
7.3.2 Correction factors for cavity length equation 
Discrepancies between the cavity length, calculated with Equation (  7-2 ), and 
experimental observation can be explained. As written above the simulations 
have been conducted assuming a dynamic viscosity and pressure viscosity 
index similar to a mineral bright stock BS (see Table  7-1). When using different 
oils the viscosity and pressure viscosity index will change. Furthermore, the 
results are obtained from the simulation made assuming the cavity pressure 
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(pcav) equals the vacuum pressure (pvacuum). However, in thin oil films the exact 
value of the cavity pressure is not known exactly and difficult to estimate (see 
section  7.1.1). Therefore the dependence of the dimensionless cavity length on 
pcav must be considered by introducing a correction factor. In Figure  7-18 it can 
be seen that by reducing |pcav| (from vacuum pressure towards zero gauge 
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Figure  7-18: Dependency of the dimensionless cavity length on pcav (example: 
M=100, L=10, α=26.3 GPa-1, η0=1.375 Pa·s). 
 
When checking some experimental results, accidentally an indirect confirmation 




Figure  7-19: Effect of an air bubble (see circle) on cavity length. 
 
A constant cavity length is found in Figure  7-19 a). Next, an air bubble 
highlighted with a circle in Figure  7-19 b) is approaching and entering the 
cavitation region. Immediately after, due to the air bubble, the cavity pressure 
changes. Therefore, as shown in Figure  7-19 c), the cavity length increases and 
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stays constant like this. The air bubble caused a change of the cavity pressure 
towards zero gauge pressure (ambient pressure) and thus the cavity length 
increases (see also Figure  7-18). If no other air bubble approaches then the 
cavity length will not change as long as the velocity, load and oil supply remains 
constant. 
A correction for the cavity pressure only would not explain the discrepancies 
found when using different lubricants. It might be possible that different 
viscosities and densities lead to slightly different cavity pressures; however, this 
effect is believed to be small. 
As presented later, experimental observations revealed that a pressure viscosity 
index correction factor is necessary. A number of simulations have been 
repeated for different pressure viscosity indices. In Figure  7-20 is shown that, 
the simulated cavity length increases for lower pressure viscosity indices 
compared to the previously found cavity length dependencies on the Moes 
parameter M and L (with a pressure viscosity index of α=26.3 GPa-1; see Figure 
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Figure  7-20: Dependency of the dimensionless cavity length on pressure 
viscosity index α. 
 
7.3.3 Equation to estimate cavity length 
Combining all the dependences of the cavity length described above and 
focusing on the simulation results around the PE lubrication regime the following 
equation was obtained: 










− ⎛ ⎞ ⎛ ⎞= × ⎜ ⎟ ⎜ ⎟⎝ ⎠⎝ ⎠
 (  7-3 ) 
 
where, pvacuum=-0.1013 MPa (cavity gauge pressure used in the simulation) and 
αsim=26.3 GPa-1 (pressure viscosity index used in the simulation). 
The last two terms in parenthesis of Equation (  7-3 ) are the correction factors 
for cavity pressure and pressure viscosity index. The most critical term is the 
correction factor for the cavity pressure. In this work, the cavity pressure is 
assumed to have a value around 60 to 100% of the vacuum pressure. For a 
cavity type as shown in Figure  7-2 b) where the cavity pressure is that of 
ambient pressure, the cavity length would be infinity and the equation will not be 
valid. 
Inspection of Equation (  7-3 ) shows that the correction factor for the pressure 
viscosity index actually removes α from the Moes parameter L. Using Equations 
(  5-19 ), (  5-20 ) and substituting the load by the expression for the Hertzian 
contact radius into Eq.(  7-3 ) one can find: 
 
( )





p u RXc p M
a p p a
ηα ⎛ ⎞⎛ ⎞ ⎜ ⎟= × ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
 (  7-4 ) 
 







η ⎛ ⎞⎜ ⎟⎝ ⎠  (  7-5 ) 
 
This is not surprising, since the cavity region is governed by the hydrodynamic 
conditions after the trailing edge of the contact. Thus, the non-dimensional cavity 
length depends on the viscosity, the sum velocity, the cavity pressure and the 
geometry of the contact, represented by the Hertzian radius and the reduced 
radius. 
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7.4 Experimental verification of cavity length equation 
7.4.1 Experimental setup and procedure 
In this work, all experimental observations on cavity length have been carried 
out with an optical interferometrical apparatus at the University of Kyushu. Some 









Figure  7-21: Schematic view of the test rig. 
 
A precision steel ball with a diameter of 25.4 mm and a glass disc of 15 mm 
thickness is used. The equivalent elastic modulus E’ is about 122 GPa. The 
steel ball is loaded by a spring and supported by back-up rollers against the 
underside of the glass disc coated with a semi-reflecting chromium layer at the 
track diameter of 63.5 mm. A load of 5 N, 10 N, 20 N and 50 N is used. The 
rolling speed was 0.02 m/s, 0.05 m/s and 0.1 m/s (sometimes also 0.2 m/s). This 
results, depending on the oil used, in a Moes parameter range of 1.5<L<13.5 
and 20<M<2000. Therefore not all experimental results lie exactly in the PE 
lubrication regime. 
Ten different types of oil as various as turbine oil, bright stock (BS), silicone oil, 
polyalphaolefin (PAO) and traction oil (KY0707) have been tested at a room 
temperature of 20°C. The properties of the oils are listed in Table  7-3. 
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Turbine oil #32 868 86 19.0
Turbine oil #68 875 214 21.2
Bright stock 875 1658 29.9
Silicone oil 30 960 33 12.5
Silicone oil 50 964 56 12.5
Silicone oil 100 969 111 12.5
Silicone oil 500 975 555 12.5
PAO 32 830 74 12.8
PAO 300 840 970 16.4
KY0707 959 57 32.9
 
 
The experiments have been carried out under fully-flooded conditions and in 
such a way that the length of the cavity type as common in reciprocating 
contacts (see Figure  7-2) could be measured under steady state conditions. The 
velocity pattern of the test rig is shown as an example in Figure  7-22. Black dots 
indicate the measurements at constant speed. This type of velocity pattern 
generates always new cavities. In real reciprocating motion, due to very short 
cycle times, the cavity inside the oil meniscus has no time to accumulate 
dissolved air (see Figure  7-19). To minimize on the one hand the accumulation 
of dissolved air and to assure on the other hand that the cavity length is 














Figure  7-22: Trapezoid velocity pattern for cavity length measurements. 
 
After setting the test conditions, both the specimen and disc were reciprocated 
100 cycles in 40 or 80 seconds and a high speed camera recorded at the frame 
rate of 500 fps for 8 seconds during the reciprocation. Thus running-in effects 
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are negligible. Afterwards the recorded interferograms selected at constant 
speed are analyzed by means of measuring the cavity length. For every test 














































Figure  7-23: Representative half cycles showing a constant cavity length for 
constant velocity (BS oil, W=20 N); 500 fps – picture selection for 100 fps. 
 
In Figure  7-23, two complete measured half cycles are presented. It can be seen 
that, when testing for maximum speed conditions, at constant speed also the 
cavity length remains constant. So, transient effects such as time-delayed big 
measurement fluctuations caused by fast changes in entraining velocity are 
negligible. Therefore, it can be concluded that the experimental procedure is 
correct. 
7.4.2 Results and discussion 
First some considerations on the effect of experimental inaccuracies should be 
discussed. Due to the trapezoidal velocity pattern some problems could occur at 
higher test velocities (depending on the oil). On the one hand, at higher 
velocities a longer period and stroke length is necessary due to acceleration 
limitations of the test rig. But, for very long strokes and higher velocities open 
type cavities (assuming pcav=0 as shown in Figure  7-2b) may develop due to 
accumulation of dissolved air. On the other hand, if the length of the stroke is too 
short, for higher velocities, transient effects, vibrations effects and air bubbles 
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become more pronounced. This would make a comparison with theoretical 
results questionable. However, as discussed before, even at the most critical 
test conditions the stroke was sufficiently long that inaccuracies by vibrations are 
small (see Figure  7-23). Furthermore, all experiments have been carried out 
several times and the results have been averaged. Thus the influence of the 
experimental inaccuracies on the final results is believed to be small. 
For all test conditions the corresponding theoretical cavity length was calculated. 
Taking into account Equation (  7-2 ) and only the correction factor for the cavity 







− ⎛ ⎞= × ⎜ ⎟⎝ ⎠
 (  7-6 ) 
 
In Figure  7-24, assuming a cavity pressure having 70% vacuum pressure, some 
differences between measured and estimated cavity length values occur. Cavity 
length values of oils (Silicone, Turbine and polyalphaolefin PAO) having a 
pressure viscosity index lower than that of the reference oil (BS) are usually 
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Figure  7-24: Correlation of estimated cavity length without α correction and 
experimental measured cavity length for different oils. 
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The cavity length values of the traction oil (KY0707), having a high pressure 
viscosity index, are slightly shorter than the estimated values. 
In Figure  7-25, using Eq. (  7-3 ) (the dependency on the pressure viscosity index 
is removed due to the correction factor for α) the correlation between measured 
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Figure  7-25: Correlation of estimated cavity length and experimental measured 
cavity length for different oils. 
 
As mentioned before, the correction for the pressure viscosity index is more a 
cancellation of α inside the Moes parameter L. Thus, the physical influence of 
the pressure viscosity index seems to be small and the cavity length depends 
more on the geometry (Hertzian contact radius) and hydrodynamic conditions 
outside the contact region. In other words, the pressure around the cavity is low 
and thus the piezoviscosity has little effect. However, to be exact, for higher film 
thicknesses (e.g. at high velocities, etc.) the influence of the pressure viscosity 
index could increase, because α affects the pressure distribution and therefore 
the deformation of film thickness in EHL contacts. 
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Figure  7-26: Correlation of the dimensionless cavity length on Hcen 
(Points close together – PE regime; spread points –rigid isoviscous (RI) or 
elastic isoviscous (EI) regime). 
 
Nevertheless, the cavity length seems to depend also on the film thickness (e.g. 
central film thickness), because it defines indirectly the geometry or shape of the 
contact. Figure  7-26 shows some relation between the cavity lengths and the 
film thickness (geometry). Therefore, the change in film thickness will in turn also 
affect the cavitation region. The simulated curves close together are around the 
PE regime. Similar curves will be also obtained by using Eq. (  7-1 ) as x-axis and 






= ×  (  7-7 ) 
 
Using this relation and adding the same correction factors for the cavity pressure 









⎛ ⎞ ⎛ ⎞= × ⎜ ⎟ ⎜ ⎟⎝ ⎠⎝ ⎠
 (  7-8 ) 
 
In Figure  7-27, when using Equation (  7-8 ) the correlation between measured 
values and estimated values seems to be good. 




































Figure  7-27: Correlation of estimated cavity length and experimental measured 
cavity length for different oils using equation (  7-8 ). 
 
Comparing the results obtained by Equation (  7-3 ) with Equation (  7-8 ) a 
difference or fluctuation of around 10% is found. However, so far Equation (  7-3 ) 
is preferred, because further investigations regarding the influence of the 
minimum film thickness (or the EHL outlet region, pressure spike) on cavity 
length are still necessary. 
A first practical application of Equation (  7-3 ) with regard to reciprocating 
contacts could be the estimation of maximum cavity length at stroke center 
(position of maximum speed). If the cavity length at stroke center is shorter than 
the stroke length, then quasi fully flooded conditions are assumed and starvation 
effects can be neglected. 
Nevertheless, further investigations with quantitative evidence are necessary in 
order to refine the equation and the criteria for practical use. Perhaps it is 
possible to derive different sets of equations for all lubrication regimes including 
the transitions between the regimes, similar to the work of Hooke  [47], who 
derived film thickness equations for an EHL line contact during reversal of 
entrainment. Surface tension may also have some influence on the cavity length 
and should be included into the model. Furthermore, as already mentioned in 
section  7.2, adaptive grid methods should be tackled in future. This will ascertain 
higher accuracy for even bigger domain sizes and fewer points. 
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Due to the fact that something like a correlation between cavity length and film 
thickness exists, indicated by Eq. (  7-8 ), in future, it should be possible to find a 
correlation between the degree of starvation and the maximum cavity length at 
stroke center. Complete simulations of reciprocating EHL contacts may help in 
finding the missing link between cavity length and the degree of starvation. 
7.5 Simulation of a reciprocating EHL rolling point contact 
The parametric study on cavity length was done for steady state conditions. In 
this chapter, the same algorithm is applied to a reciprocating EHL contact and 
some numerical results will be compared with experiments. 
7.5.1 Set of simulation parameters 
A triangular velocity pattern was chosen. The simulation ran for two complete 
cycles. As can be seen in Figure  7-28, one cycle takes 0.4 seconds and the 
velocity changes between ue=0.02 m/s and ue=-0.02 m/s. 
 
 
Figure  7-28: Triangular velocity pattern (left) and corresponding theoretical 
position of contact center (right). 
 
The set of parameters used are listed in Table  7-4. It should be mentioned that 
also simulations for different load, speed and stroke length have been carried 
out. Due to the fact that reliable experimental data were available, this example 
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7.5.2 Results and discussion 
In Figure  7-29 are shown cavity length measurements and simulations for two 
cycles as a function of time. The simulated generation of the cavity length 
agrees relatively well with experimental findings. 
 
Figure  7-29: Cavity length measured (left) and simulated (right) for two cycles. 
 
It can be seen that the cavitation region has its maximum length at maximum 
speed. Attention should be paid to the fact that the simulation on the right 
compared to the experimental data is shifted by a half cycle. Therefore in the 
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diagram on the left, maximum speed can be found at 0.1 s that corresponds to 
0.0 s in the diagram on the right. At the point of reversal (zero speed) the 
cavitation region does not diminish immediately (e.g. left diagram at t=0.0 s and 
right diagram at t=0.1 s corresponds to the stroke end). Shortly after reversal a 
new cavitation region develops at the new outlet, whereas the old one at the 
new inlet disappears. The point of reversal is the most critical situation in 
reciprocating EHL contacts. If the old cavitation region gets entrained into the 
conjunction before disappearing then starvation effects may occur. 
In Figure  7-30 is illustrated the central and minimum film thickness as a function 
of position for a standard transient simulation and the new algorithm, which 
takes into account also the cavitation region. Starting from the steady state 
solution (1) the contact decelerates, reaching the point of reversal (2) and 
accelerates again at different flow direction (3). Under the conditions presented 
here, the degree of starvation due to entrainment of cavitation seems to be 
negligible. Only at the critical moment of reversal the central and minimum film 
thickness is slightly smaller compared to standard calculations. 
 
 
Figure  7-30: Dimensionless minimum and central film thickness as a function 
of position (see also  [51]). 
 
Some exemplary results of film thicknesses and pressures are shown in Figure 
 7-31. As can be seen, at the point of reversal due to squeeze effects some 
amount of oil will be entrapped into the conjunction. A steady state simulation, in 
comparison, would predict zero film thickness as well as zero cavity length. 
 




Figure  7-31: Mid plan profiles of the dimensionless pressure, film thickness, 
fractional film content and lubricant profile in X-direction at different time 
instants; Time step: 132, t=0.076 s, ue=0.005 m/s; 175, t=0.1 s, ue=0.0 m/s; 
219, t=0.125 s, ue=-0.005 m/s; 350, t=0.2 s, ue=-0.02 m/s. 
 
In Figure  7-32 the cavitation region is represented by the fractional film content θ 
around the point of reversal. 
 




Figure  7-32: Simulation showing the fractional film content around the point of 
reversal (a=0.0926 mm). 
 
Starting from the stroke center at maximum speed a) the EHL contact 
decelerates until zero velocity and reaching the stroke end b). At the point of 
reversal the flow direction changes and the previous cavitation region at the 
outlet becomes the cavitation region at the new inlet. 
 
 
Figure  7-33: Experimental observation showing the cavitation region around 
the point of reversal (a=0.0926 mm). 
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In Figure  7-32 c) a new cavitation region is already generating at the new outlet, 
whereas the old cavitation region diminishes d)-e). Finally after 45 ms f) the old 
cavitation region disappeared. This 45 ms process is indicated at the small 
diagram showing the EHL contact position over time. In this simulation, a half 
stroke corresponds to ten times the Hertzian contact radius (a=0.0926 mm). 
The corresponding interferograms obtained at conditions very similar to the 
simulation are presented in Figure  7-33. Comparing Figure  7-32 with Figure  7-33 
and taking into account differences caused by experimental and numerical 
inaccuracies, it can be concluded that the simulation results agree relatively well 
with the experimental interferograms. 
7.6 Conclusions 
A fast solver was developed using a modified Elrod algorithm, recent multilevel 
multigrid (MLMG) and multilevel multi integration (MLMI) methods. This makes it 
possible to simulate at steady state as well as transient conditions the pressure 
distribution, film thickness or shape and cavitation region of an EHL rolling point 
contact. After some first encouraging comparisons of the cavitation region, 
showing good agreement between simulations and measurements, it was 
decided to carry out a parametric study. 
As an intermediate step to obtain a future design equation for reciprocating EHL 
contacts, a first equation has been developed, which predicts the length of cavity 
at the EHL outlet  [81]. The equation is valid mainly in the piezoviscous elastic 
EHL regime for enclosed type cavities (enclosed in the oil meniscus). For the 
time being, the use of the equation is probably limited to rolling contacts (thermal 
effects due to sliding are negligible). 
The cavity length could be described by the dimensionless Moes parameters, 
assumed cavity pressure and pressure viscosity index. In other words, the 
dimensionless cavity length is proportional to the product of M-a and Lb plus a 
correction factor for the cavity pressure and the pressure viscosity index. 
Rearranging Eq. (  7-3 ) to Eq. (  7-4 ) shows that the cavity length is dominated 
by the viscosity, sum velocity, cavity pressure and geometry of the contact. 
In practice, the estimated cavity length can be a parameter to define the degree 
of starvation in a reciprocating EHL contact. In addition, first complete 
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simulations under transient conditions have been carried out and shown good 
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CHAPTER 8        
         
           
SUMMARY AND PERSPECTIVE 
 
 
In the present research transient EHL point contacts have been studied. The 
work done contains experimental and numerical investigations. In Pisa the 
experimental test rig was modified in order to carry out investigations under 
transient conditions  [18]. This involved the improvement of the experimental 
approach  [19], by means of developing better analysis techniques  [22]. As an 
example, with the help of new image processing tools, the analysis of 
monochromatic or white light interferograms can be carried out faster and more 
efficient. Besides, when using white light interferometry, a complete re-
construction of an EHL point contact is possible. 
After improving the experimental setup, thermal effects caused by high slide-to-
roll ratios and different contacting materials have been investigated in 
combination with changing speed  [2]. The analysis of the film thicknesses and 
friction coefficients has shown that thermal and transient effects superimpose or 
interact  [21]. Especially if the contacting surfaces have different thermal 
properties clear differences in film thickness or hydrodynamic friction coefficients 
occurred for negative and positive slide-to-roll ratios. If some of the effects 
reported above can be helpful or vice versa harmful in real applications must 
show further research. 
Experimental investigations are often expensive and time consuming. In order to 
deepen at the Pisa tribology group the possibility of numerical investigations, a 
solver was developed in order to simulate EHL point contacts under transient 
conditions. In collaboration with Japan the solver was applied on reciprocating 
EHL rolling point contacts. The code developed in this work has shown to be 
capable of solving different problems typical in industry (e.g. roughness in 
contact, reversal in velocity). Recent numerical techniques such as MLMG and 
MLMI, introduced by researches like Lubrecht and Venner  [91], have been used. 
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Thanks to these effective numerical techniques, the EHL problem can be solved 
very fast in O(N ln(N)) operations. 
Introducing a modified Elrod algorithm the cavitation formation at the EHL outlet 
region, as often found in reciprocating contacts, could be simulated. After a 
parametric study a first equation for cavity length was derived  [81]. Theoretical 
predictions and experiments are in good agreement. The equation is easy to use 
and may give further insights to engineers working on reciprocating EHL contact 
problems. 
Furthermore, with the help of the new solver complete transient simulation of a 
reciprocating EHL rolling point contact is possible. 
 
Finishing this PhD course does not automatically implicate that also the research 
on this topic is finished. Many improvements are still possible and should be 
considered in future. 
As an example, it is strongly considered to change the optical equipment of the 
existing lubrication test rig at Pisa. Also the extension of the 1D monochromatic 
image processing tool to 2D could be very useful (see also  [15] and  [16]). Some 
of the experimental investigations should be repeated for different materials and 
velocity patterns. Then the phenomenon based observations should be 
extended to a quantitative analysis with the intention to practical applications. 
 
With respect to the theoretical work further transient simulations and 
comparisons with experiments are still necessary in order to find a complete 
design equation which correlates the stroke length, film thickness and cavity 
length. The author is aware that the behavior of different kind of oils is highly 
complex. For example, a different molecular structure of different oils or surface 
tension was not included in the model. 
Very useful could be the implementation of variable time stepping and adaptive 
grid methods into the solver. An adaptive grid could help in increasing the 
numerical accuracy or resolution. This should be considered because the 
calculation domain used to simulate reciprocating EHL contacts and the 
cavitation formation is very large. Especially at transient conditions the limit of 
the solver is easily reached. For example, the simulation reported above has 
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been carried out on a large domain with relatively few points. Thus the numerical 
accuracy is much lower compared to steady state simulations. However, 
increasing the amount of points from 257x257 to 513x513 will easily change the 
simulation time from one day to one week. 
 
The lubrication model could be extended to Non-Newtonian behavior. A first 
Non-Newtonian EHL program version, not reported here, using a simplified Ree-
Eyring model was developed but needs further improvements (similar to  [73] and 
 [86]). Interesting is also the implementation of the energy equation by changing 
the finite difference discretization to a finite volume discretization. Both, a Non-
Newtonian Reynolds equation and the solution of the energy equation allow the 
introduction of thermal effects into the numerical model (Thermo 
Elastohydrodynamic Lubrication TEHL). Then realistic simulations of sliding EHL 
contacts and friction coefficient estimations will be possible. In addition, with 
relatively little changes of the code, a dry contact solution, or a subsurface stress 
calculation can be implemented into the model. 
 
All told, possible modifications, improvements and extensions are endless. 
Nevertheless, depending on the future research topic some of the above 
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APPENDIX A SYSTEM OF EQUATIONS 
As mentioned in section  5.5 for both line relaxation schemes, Gauss-Seidel- and 
Jacobi distributive line relaxation, a system of equations must be solved for 
every line j in order to apply changes to all points of the line simultaneously, and, 
if distributive relaxation is used partly to neighboring lines. 
The system of equation is given by 
h hj
jjA rδ = , (A.1) 
where hjδ  is a vector of changes ,hi jδ  and hjr  a vector with the current residuals 
,
h
i jr . Both are vectors of nx-1 elements. A
j is a (nx-1)x(nx-1) matrix with the matrix 
coefficients ,
j
i kA . Their exact definition as well as the definition of ,
h
i jr  depends 
on the type of relaxation applied. 
For briefness of description, it is assumed that the second order upstream 
discretization of the wedge term is used everywhere and the EHL problem is 
steady state by excluding the squeeze term. The implementation of the transient 
term is briefly described in Chapter 6. 
The discrete steady state equation at gridpoint (i,j) is given by 
( )
( )
1/ 2, 1, 1/ 2, 1/ 2, , 1/ 2, 1,
, 2
, 1/ 2 , 1 , 1/ 2 , 1/ 2 , , 1/ 2 , 1
2
, 1, 2,, 1, 2,
,
1.5 2 0.5
h h h h h h h
i j i j i j i j i j i j i jhh
i j
h h h h h h h
i j i j i j i j i j i j i j
h h hh h h










ε ε ε ε
ε ε ε ε
ρ ρ ρ
− − − + + +
− − − + + +
− −− −
− + += +
− + + −
− + =
 (A.2) 




i j i jh
i j
ε εε ±± +=  
, , 1
, 1/ 2 2
h h
i j i jh
i j
ε εε ±± +=  
(A.3) 
where 













ρε η λ=  (A.4) 
and 
22
, 00 , ', , ' ', ' ,
' '2 2
jh hh h hi
i j i i j j i j H i j
i j
YX
H H K P f− − − − =∑∑ . (A.5) 
hhL P  represents the non-linear discrete operator working on Ph, ,
h
P i jf  is the 
FAS right hand side of the Reynolds Equation and ,
h
H i jf  standing for the FAS 
right hand side of the film thickness equation. The coefficients , ', , '
hh
i i j jK  are given 
by (  5-34 ). 
The system of equations (A.1), from which the changes associated with line j are 
to be solved, is constructed based on the local value of the coefficient ε which 
depends on ,
h
i jP . Defining  i ,, ,
hh h
i ji j i j Pε ε ⎛ ⎞= ⎜ ⎟⎝ ⎠  and 
i i ,,
h h
i ji j Pρ ρ ⎛ ⎞= ⎜ ⎟⎝ ⎠  the system of 
equations is constructed according to: 
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and the coefficients ,
j
i kA  for 0<k<nx by 
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Taking only the principal terms in the derivates this gives for |i-j|>1: 
i i i










ρ ρ ρ− −− − − − −− += −  (A.8) 
and for i=k 
 i i i
0,0 1,0 2,0, 1, 2,
, 2
1.5 2.0 0.5
h h hh hh hh hh





ε ρ ρ ρ− −− += − −∑  (A.9) 
where 
    1/ 2, 1/ 2, , 1/ 2 , 1/ 2h h h h hi j i j i j i jε ε ε ε ε+ − + −= + + +∑  (A.10) 
Furthermore, for i>1 
 i i i1/ 2, 1,0 0,0 1,0, 1, 2,
, 1 2
1.5 2.0 0.5
h h hh hh hh hh





ρ ρ ρε − − −
−
− += − −  (A.11) 
and for i<nx-1 
 i i i1/ 2, 1,0 2,0 3,0, 1, 2,
, 1 2
1.5 2.0 0.5
h h hh hh hh hh





ρ ρ ρε + − −
+
− += − −  (A.12) 
 
Jacobi Distributive Line Relaxation 































≤ .  
For such a point the residual ,
h
i jr  is defined by 
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 i  ( ) i  i
 i  ( ) i  i
i i i i i i
1, , 1,1/ 2, 1/ 2, 1/ 2, 1/ 2,
, , 2
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and the coefficients ,
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P P P P+ − + −
=
⎧∂⎪= ⎨ ∂⎪⎩
⎫⎛ ⎞∂ ∂ ∂ ∂ ⎪⎜ ⎟− + + + ⎬⎜ ⎟∂ ∂ ∂ ∂⎜ ⎟⎪⎝ ⎠⎭
 (A.14) 
Taking only the principal terms in the derivates, and introducing ,
hh
k lKΔ  as 
( ), , 1, 1, , 1 , 114hh hh hh hh hh hhk l k l k l k l k l k lK K K K K K− + − +Δ = − + + +  (A.15) 
gives, 
i i i










ρ ρ ρ− −− − − − −Δ − Δ + Δ= −  (A.16) 
for |i-k|>2. For k=I one obtains 
 i i i
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ε ρ ρ ρ− −Δ − Δ + Δ= − −∑  (A.17) 
Furthermore, for i>2 
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ρ ρ ρε + − −
+
Δ − Δ + Δ= − −  (A.21) 
 
In addition the solution of the EHL problem is subject to the cavitation condition 
, 0
h
i jP ≥ . This condition must already be taken into account when constructing 
the system of equations to be solved in the relaxation. Employing the cavitation 
conditions afterwards does not work, because then the points subject to the 
cavitation condition will always switch between cavitated and non-cavitated. 
Thus the convergence will stall. The solution is to treat the cavitation condition 
as local as possible (similar to point wise Gauss-Seidel relaxation) by setting 
, 0
j
i kA =  for k≠i if the current pressure is zero at one of the points (i-2,j), (i-1,j), 
(i,j), (i+1,j), or (i+2,j). 
Only a hexadiagonal system is constructed. The resulting system of equations 
for all 1≤i≤nx-1 is solved using Gaussian elimination and subsequently the 
changes ,
h
i jδ  are applied to the line j. The procedure to apply the changes 
solved for one line j with cavitation conditions is the following. If a point (i,j) is a 
Gauss-Seidel point the change ,
h
GS i jω δ  is applied where GSω  is an 
underrelaxation factor. If the resulting pressure is smaller than zero it is set to 
zero. If the point is a Jacobi distributive point the change ,
h
JA i jω δ  is applied 
where JAω  is an underrelaxation factor. If the resulting pressure is smaller than 
zero it is set to zero. The net change, i.e. corrected for the cavitation condition, is 
  204 
then distributed to the neighboring points according to the distribution. Finally, 
the change to the central point is always applied, however, the changes to the 
neighboring points are only applied if the current pressure at these points is 
larger than zero and also, after these changes have been applied the cavitation 
condition P≥0 is imposed in these points. 
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